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Abstract
While the story of optical orbital angular momentum (OAM) dates back to the development of
Maxwell’s equations, the study of photon OAM by the physics community begins in earnest in the
1990s, led in part by a paper by Allen et al. describing the independent control of spin and orbital
angular momentum in paraxial modes of light. The recognition of the orbital angular momentum
of light in astronomy is a much more recent affair. This thesis explores the role of the OAM of
light in astronomy and attempts to make the case for the measurement of photon OAM as a new
tool in astronomy.
Two contributions are made in order to prepare the groundwork for future endeavours: a
laboratory assessment of the effectiveness of adaptive optics (AO) systems on atmospheric
turbulence when measuring optical OAM, and an initial field test of an instrument measuring the
optical OAM spectrum of the sun. Regarding the first study, the author finds that realistic
atmospheric turbulence (1” seeing) severely corrupts any incoming OAM signal at visible
wavelengths, in spite of AO correction (< 10% power recovered), however results suggest adequate
correction at IR wavelengths. In the second study, an instrument to measure the OAM spectrum
of a source is constructed and employed to measure the OAM spectrum of local regions of the sun.
It represents the first measurement of it’s kind, distinguishing sunspots by analyzing their OAM
spectrum and in addition, demonstrates the improvement of OAM measurements by implementing
a lucky imaging routine.
Finally, this thesis highlights a new avenue for further study into the measurement of OAM for
observational astronomy. A new type of OAM measurement is proposed, capable of measuring
rotations in the plane orthogonal to the line of sight. This measurement takes advantage of the
rotational Doppler shift, an analogue of the translational Doppler shift, and an OAM
interferometer designed to measure the associated phase shift is outlined. A future instrument is
also proposed by combining the OAM interferometer with a high resolution spectrograph. This
would allow for measurements of both the rotational and translational Doppler shifts, providing
information about the three dimensional motion of an object.
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1Introduction
The sense of sight is one of our most fundamental senses as human beings. Out of the five senses:
touch, taste, sound, smell and sight, touch and taste are our most intimate, requiring personal
contact with the world around us. Our sense of smell, has a slightly larger reach, we can smell
freshly baked bread wafting down the street, however this range is still rather limited. Hearing
informs us of our environment on scales of tens of metres (an ambulance bearing down on us in
traffic [1]) while the most massive sounds such as the crack of a thunder bolt can carry to us from
kilometres away [2]. Compared to our sense of sight however, this is negligible. On a clear night,
we can look up at the stars and see the light coming from objects thousands of trillions of
kilometres away1. Given this, is it any surprise that from the earliest astronomers to now, light
has been our sole source of information about our environment, beyond the confines of our own
planet2?
As astronomy advances, and our understanding of the universe begins to mature, researchers
require ever more information to validate and double-check theories and hypotheses, and all of this
information is extracted from light. Early astronomers plotted the phases of the sun and moon,
and recorded the orbits of the planets with visible light, using their naked eyes and telescopes.
Moving beyond the visible spectrum looking at infrared light, we have peered into the hearts of
galaxies and uncovered super massive black holes [5, 6]. Mining the radio region of light,
astronomers discovered the existence of pulsars, the remnants of massive stars, which exhausted of
fuel, collapse in on themselves into extremely dense, spinning regions of matter which emit intense
pulses of radiation with such regularity that they can be used as some of the most stable clocks on
earth [7, 8]. Researchers still work to extend the range of colours which we can detect from space,
however astronomers have begun to extract information from different properties of light, distinct
from colour.
Imagine if we could see the universe in more than just different colours. How would such a
universe look? Well let us suppose for a second that in addition to different colours, light also
came in two different flavours, “sweet” and “sour”. Normally, we would be unable to distinguish
between the two “flavours” of light, we would only see colour. In order for humans to perceive this
1The distance from the earth to the brightest star in the sky, Sirius, is 8.6 light years, or 81000000000000 km [3].
2With the recent addition of gravitational waves [4].
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extra property of light, we would put a “sweet” filter over our camera which would allow only
“sweet” light through, and then we would take a colour picture of the universe. We would then
exchange the “sweet” filter for a “sour” filter and take the same colour picture of the universe.
Putting both pictures side by side and comparing them, we would be able to see the universe in
different colours as well as the two different flavours of light. As it turns out, there are indeed two
“flavours” of light and these are what we call polarisations.
Polarisation is a property of waves. When you play a guitar, you create an acoustic wave in the
guitar string, which in turn causes the air to vibrate creating sound. There is however, more than
one way to create an acoustic wave in the string! The string can be strummed from side to side in
the same plane as the fretboard, however the string can also be plucked vertically. These two
different ways of playing a guitar string cause the string to vibrate at the same frequency, but in
different directions, or polarisations. Astronomers have been able to tap into the polarisation of
light and measure this property of light in different regions of the sky and obtain information
about the orientations of vast clouds of dust inhabiting the space between stars, and to probe the
direction of astronomical magnetic fields.
What we know now is that in addition to the two polarisations or “flavours” of light, there are also
an infinite number of “scents”. This additional property of light, the “scent” is what is known as
the orbital angular momentum of light. What is orbital angular momentum? Let me address this
question by first discussing orbital angular momentum and particles. Let’s take as an example the
earth orbiting the sun. The earth has two types of motion associated with its orbit: it spins on its
own axis giving rise to day and night (this property in particles is the spin angular momentum),
and it orbits around the Sun (this property is known as the orbital angular momentum), giving
rise to the seasons. We know from the wave-particle duality of light that light acts as a wave, but
also a particle and if particles can possess spin and orbital angular momentum, light should also
possess these properties. For various reasons, the spin angular momentum of light is related to the
polarisation, and is already used to probe the universe, however the orbital angular momentum of
light still goes “wasted” or unused by astronomers. Physically, the orbital angular momentum of
light can be imagined as a beam of light which is constantly spiraling or rotating around a center
axis like the thread of a screw.
Can we use the orbital angular momentum of light as another source of information about the
universe? In recent years it’s been shown that some astronomical events should leave behind
traces in the orbital angular momentum of the light involved. For example, by studying the
orbital angular momentum of light, we could potentially measure the rotation of super massive
black holes at the center of galaxies [9]. Very recently, scientists have demonstrated that we can
also obtain information about the three dimensional motion of astronomical objects, which at the
moment is impossible to measure by looking at only the colour and polarisation of light emitted
by these objects [10].
Given this, the important question that we face now is as follows: “How feasible is it to measure
the orbital angular momentum of light from space?” Implied by this question are a host of others:
“What do you need to consider in performing a measurement?”, “How would you go about doing
it?”, “What would such an instrument look like?”. If astronomers are to begin extracting
information from this new property of light, convincing answers to these questions must be
provided. This thesis was written to address some of these questions, and will hopefully pique
interest in this subject and in the future stand as just one among many other works on this new
3field of astronomy.
I have set out this thesis with the following structure:
In Chapter 2, I formally introduce the concept of OAM derived from Maxwell’s equations and
demonstrate the connection with classical mechanical OAM in the paraxial regime. This is
followed by a brief overview in Chapter 3, of the current applications of optical OAM in the field
of astronomy, including vortex coronagraphy, and compensation of optical aberrations, followed by
a description of our own work on optical aberration compensation using vortex modes of light.
The chapter ends with a discussion of OAM as an observable in observational astronomy, outlining
some proposed astronomical targets of possible interest. Chapter 4 begins with a discussion of the
detection systems used currently for the measurement of optical OAM and we proceed to describe
the most feasible choice for astronomy, the OAM modesorter. There have been several papers
written on the theory and design of an optical orbital angular momentum modesorter [11–13]. For
completeness, we include a description of the theory of operation in this chapter and conclude by
showcasing our novel results in which we employ the orbital angular momentum modesorter in a
simple continuous optical zoom system. Chapter 5 briefly summarizes one of the major obstacles
of astronomical measurements of OAM, turbulence, and some of the recent results from various
fields in physics, on the compensation of turbulence. The second half of Chapter 5 consists of our
own contribution to this problem, a lab-based experiment investigating the use of adaptive optics
to correct for atmospheric turbulence at higher turbulence strengths.
In Chapter 6 we offer the first measurement of the optical OAM of photons from an extended
astronomical object, in which atmospheric turbulence is taken into account. We present the
results from our experiment in which we analyze the OAM of light emitted within the vicinity of
sunspots. A more involved analysis is provided in Chapter 7. An investigation of the polarisation
sensitivity of the instrument is contained in Appendix A. The input-output relation of the
instrument is derived in Appendix B and compared with simulation. A method helpful to the
design of OAM measurement instruments is reserved for Appendix C.
Chapter 7 considers future applications of OAM to observational astronomy. We identify one
promising future application, OAM interferometry, in which information about incoherent sources
is obtained from the coherence functions of the system. We derive expressions for the coherence
functions of point sources and in the interests of the experiment and results from Chapter 6, the
coherence function of a fully incoherent extended source is also calculated. We then provide an
analysis of the results of Chapter 6.
The rest of Chapter 7 highlights the the measurement of the rotational Doppler shift from the
coherence function of a resolved binary system as one particularly interesting target for future
OAM astronomers. An interferometer capable of measuring the OAM correlations of the electric
field is described. We also provide details of a future instrument combining both OAM
interferometry and spectrometry. Additional details regarding the spectrometer design is relegated
to Appendix D. The final chapter of this thesis is left to summarize the contributions of the work
contained in this thesis to the field of OAM in observational astronomy. Concluding remarks on
the direction of research succeeding this thesis and the future of photon OAM measuring
instruments are provided.
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2The orbital angular momentum of light
Following Maxwell’s theoretical description of light as an electromagnetic wave [1], it was Poynting
who first proposed measuring the total angular momentum of a circularly polarized beam in
1909 [2]. This experiment was subsequently realized in 1936 by Beth, in which circularly polarized
light was observed to apply a torque to a suspended quartz plate [3]. While the interpretation of
the total angular momentum of light is well understood, the separation of spin and orbital angular
momenta is ambiguous. There has been a lot of contention about the validity of separating the
spin and orbital angular momentum densities of photons [4, 5], of the proper operators to use and
how best to “fix” the spin and orbital operators for all regimes of propagation [6, 7].
Even the Poynting vector itself does not necessarily have a clear interpretation as the linear
momentum density of the electromagnetic fields [8–10]. Rather, it is the canonical momentum
density which is the appropriate observable [11], and the difference between the two manifests
even for very simple and well studied systems such as two wave interference, which has gone
unnoticed until very recently [12].
It wasn’t until 1989 that the term “optical vortex” was first coined by Coullet to describe laser
cavity modes which we now realize carry quantized orbital angular momentum [13]. In the 1990s,
Allen, Beijersbergen, Spreeuw and Woerdman made the breakthrough realization that in the
paraxial regime, the total angular momentum of light can be separated into a “spin” and “orbital”
component with a clear physical interpretation [14]. The “spin” angular momentum manifested as
the vector nature of light, while the “orbital” angular momentum of the beam related to the phase
structure of the spatial amplitude. Importantly, these quantities could be controlled independently
of one another. Several papers quickly followed, experimentally demonstrating the mechanical
effects arising from the exchange of the OAM of light, independently from the SAM, with
absorptive particles [15–17].
In this chapter we attempt to provide a theoretical introduction to the angular momentum of the
electromagnetic field in free space, in order to convince the reader that orbital angular momentum
is a well defined property which exists for paraxial sources of light. To this end, we shall
demonstrate that an electromagnetic field can carry angular momentum, and provide descriptions
of the spin and orbital contributions to the total angular momentum, the associated spin and
orbital angular momentum densities and finally the spin and orbital angular momentum operators
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of light. The OAM of light is then described for the familiar case of paraxial beams, before
focusing our attention on the properties of the Laguerre-Gauss modes of light which are
eigenstates of the orbital angular momentum operator.
2.1 Angular momentum of light
For the following derivation let us assume a vacuum, and hence  = 0, µ = µ0. In addition for
simplicity we set the speed of light c = 1 for the remainder of the derivation. Maxwell’s equations
are as follows:
∇ ·D = ρ (2.1)
∇ ·B = 0 (2.2)
∇×E + ∂B
∂t
= 0 (2.3)
∇×H = C + ∂D
∂t
(2.4)
Where we define D = displacement field (0E + P), B = magnetic field, H = magnetizing field
( 1µ0 B−M), E = electric field, C =current density, ρ = charge density, t = time.
2.1.1 Poynting Vector
To begin with let us consider the work done by a distribution of charges (charge density C), from
Maxwell’s equations we obtain the continuity equation [18]:
∂u
∂t
+∇ · S = −C ·E (2.5)
Where u is the total electromagnetic energy density of the charge and field system:
u =
1
2
(E ·D + B ·H) (2.6)
and S is the Poynting vector:
S = E×H (2.7)
The continuity equation, Eq. 2.5 states that the work done by the fields on the charges of the
system (R.H.S) must equal the change in internal electromagnetic energy of the system plus the
flow of energy into or out of the system. Thus from Eq. 2.5, the Poynting vector S can be
recognized as representing the flow of the energy density.
2.1.2 Angular momentum density
We now attempt to derive the classical expression for the angular momentum density of the
electromagnetic field. The derivation is for pedagogical purposes and can be found in standard
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optics textbooks [18]. The form of the angular momentum density of the electromagnetic field can
be found at the end of this section.
Let us consider a set of particles with charge density ρ and current density C. The torque τ on a
single particle with charge q, moving at velocity v through electric and magnetic fields E and B
respectively, is given by the cross product of the position vector r = (r1, r2, r3) of the particle with
the force f applied to it:
τ = r× f
= r× q(E + v ×B)
=
∂j
∂t
(2.8)
Applying Newtons second law to the second line of Eq. 2.8, relates the torque τ on the particle to
it’s angular momentum j. The total angular momentum of the particles in the system Jmech is
obtained by integrating Eq. 2.8 over a volume V enclosing the system:
∂Jmech
∂t
=
∫
V
r× (ρE + C×B)dr (2.9)
We now seek to reduce the number of variables by using Eqs. 2.1 and 2.4 to rewrite the charge
density and current, ρ = 0∇ ·E, C = 1µ0∇×B− 0 ∂E∂t :
∂Jmech
∂t
=
∫
V
r× 0
[
E(∇ ·E) + B× ∂E
∂t
− c2B× (∇×B)]dr (2.10)
Using the chain rule, we replace: B× ∂E∂t = E× ∂B∂t − ∂∂t(E×B):
∂Jmech
∂t
=
∫
V
r× 0
[
E(∇ ·E) + E× ∂B
∂t
− ∂
∂t
(E×B)− c2B× (∇×B)]dr (2.11)
Using Maxwell’s equations (Eq. 2.4) we can further simplify with the substitution
E× (∇×E) = −E× ∂B∂t . The integrand of Eq. 2.11 is thus:
r× 0
[
E(∇ ·E)−E× (∇×E) + c2B(∇ ·B)− c2B× (∇×B)− ∂
∂t
(E×B)] (2.12)
Note that from Eq. 2.2, ∇ ·B = 0. We are thus free to add the term c2B(∇ ·B) in order to make
the electric and magnetic fields appear symmetric. Inserting Eq. 2.12 into Eq. 2.11, and adding
the term c2B(∇ ·B), upon rearranging we obtain the following expression:
∂
∂t
(
Jmech + 0
∫
V
r× (E×B)dr) = 0 ∫
V
r× [E(∇ ·E)−E× (∇×E)
− c2B(∇ ·B) + c2B× (∇×B)]dr (2.13)
At this point, it is very tempting to define the second term on the L.H.S of Eq. 2.13 as the total
angular momentum of the electromagnetic fields, Jfield = 0
∫
V r× (E×B)dr however to do this,
we must be certain that the integrand on the R.H.S. of Eq. 2.13 has some physical meaning. In
particular, if the integrand is the divergence of a field, then we can use Stokes theorem to relate
the quantities on the L.H.S. to the flux of the field through some surface S. Looking at the
integrand in Eq. 2.13 the electric and magnetic fields are symmetric. As such let us consider only
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the form of the electric field in the integrand E(∇ ·E)−E× (∇×E). Each component α of the
vector quantity can be expressed:[
E(∇ ·E)−E× (∇×E)]
α
=
∑
β
∂
∂rβ
(EαEβ − 1
2
E ·Eδαβ) (2.14)
The R.H.S. of this equation resembles the divergence of a second order tensor:
(∇ ·O)j =
∑
i
∂
∂ri
Oij (2.15)
Taking into account the magnetic field B we now define a second order tensor
Tαβ = 0
[
EαEβ +
1
µ0
BαBβ − 12(E ·E + 1µ0 B ·B)δαβ
]
. This tensor is known as the Maxwell stress
tensor. Rewriting Eq. 2.13 in terms of T:
∂
∂t
(
Jmech + 0
∫
V
r× (E×B)dr) = 0 ∫
V
r× (∇ ·T)dr
∂
∂t
(
Jmech + Jfield
)
=
∮
S
(r×T) · ndA
(2.16)
In the second line of Eq. 2.16 Stokes theorem is applied, n is the vector normal to the surface S.
Eq 2.16 is interpreted as a statement of the conservation of momentum, the total change in
angular momentum of the system (L.H.S.) must be equal to the flux of angular momentum across
the surface S into the volume V (R.H.S.). Jfield is identified as the total angular momentum of the
fields:
Jfield = 0
∫
V
r× (E×B)dr (2.17)
At this point, we drop the subscript on Jfield and refer to J as the total angular momentum
carried by the electromagnetic field. The integrand of Eq. 2.17 is defined as the angular
momentum density j of the electric and magnetic fields:
j = 0
(
r× (E×B)) (2.18)
Substituting Eq. 2.7 into Eq. 2.18 we find that the angular momentum density of light is
proportional to the Poynting vector:
j =
1
c2
r× S (2.19)
2.2 Spin and Orbital Angular momentum densities
The following section will be a derivation of the spin and orbital contributions to the total angular
momentum. This derivation follows the outline contained in [7], however includes all the
intermediate steps as an exercise for the author. For an immediate statement of the total spin and
orbital angular momenta, I advise the reader to skip to the end of this section.
While previously we have made use of Maxwell’s equations in the presence of a system of charges,
throughout this derivation we make the assumption that the electric and magnetic fields Eω(x¯)
and Bω(x¯) exist in the absence of any charges or currents, and hence we can use Maxwell’s
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equations in free space (C and ρ = 0). Let us assume that the electric and magnetic fields E(x¯)
and B(x¯) are monochromatic with frequency ω:
Eω = E(x¯)e
−iωt + c.c. (2.20)
Bω = B(x¯)e
−iωt + c.c (2.21)
c.c denotes the complex conjugate. The electric and magnetic fields are assumed to oscillate
harmonically at ω, and E(x¯) and B(x¯) are the spatially varying vector amplitudes of the fields. We
can use Maxwell’s equations Eq. 2.3 to rewrite the magnetic field B in terms of the electric field E
∇×Eω = ∂Bω
∂t
(2.22)
= −iωBe−iωt + c.c. (2.23)
Bω + c.c. =
i
ω
(∇×Eω)+ c.c. (2.24)
The time averaged flow of the energy density of the harmonically oscillating wave is given by the
Poynting vector:
〈Sω〉t = 1
µ0
〈Eω ×Bω〉t
=
1
µ0
〈Eω ×B∗ω〉t + c.c.
=
i
ωµ0
〈Eω × (∇×E∗ω)〉t
(2.25)
Using vector identities we rewrite the double cross product on the final line of Eq. 2.25:
Eω × (∇×E∗ω) =
1
2
∇(Eω ·E∗ω)− (E∗ω · ∇)Eω (2.26)
For the remainder of the derivation we drop the subscript ω from the electric and magnetic fields
as the time dependence of the fields is well known and we are concerned with the real-space
coordinates and their momenta, i.e. the linear and momenta of the fields. Substituting Eq. 2.25
into Eq. 2.17 we are left with an expression for the time averaged total angular momentum of the
fields.
〈J〉 = 〈 0
iω
∫
1
2
r×∇(E ·E∗)dr− 0
iω
∫
r× (E · ∇)E∗dr〉 (2.27)
Let us consider the integrand of the second term in Eq. 2.27. We note that the term (E · ∇) is a
differential scalar operator and use the chain rule to expand the cross product:
r× (E · ∇)E∗ = (E · ∇)(r×E∗)− (E · ∇)r×E∗
= (E · ∇)(r×E∗)−E×E∗ (2.28)
The first term of Eq. 2.28 is inserted back into the volume integral of Eq. 2.27 for evaluation by
integration by parts. Performing the integral w.r.t. x, the x component of the cross product is:
12 Chapter 2: The orbital angular momentum of light
∫
(E · ∇)(yE∗z − zE∗y)dr =
∫ ∫
y[ExE
∗
z ]
x=∞
x=−∞dydz − y
∫
E∗z
∂Ex
∂x
dr
+
∫ ∫
z[ExE
∗
y ]
x=∞
x=−∞dydz − z
∫
E∗y
∂Ex
∂x
dr
(2.29)
The components of the electric field are assumed to fall to 0 as |r| → ∞. We pause for a moment
to mention that this step is the key to a well known “paradox” regarding the angular momentum
density of plane waves. Consider a circularly polarized plane wave propagating in z, but infinite in
x and y, the angular momentum density of such a wave is given by Eq. 2.19, j = r× (E×B).
Since E and B are completely transverse with no z component, jz is necessarily 0, however this
contradicts the experimentally proven result that circularly polarized waves carry angular
momentum. The resolution of this paradox is the above condition, that |E| → 0 as |r|→ ∞. The
implication is that a transverse gradient of the electric and magnetic fields must exist in order for
the above condition to be satisfied, and hence there must be a longitudinal z component of the
fields which gives rise to a non-zero jz.
Returning to the derivation, as a result of making this assumption, the first and third terms in
Eq. 2.29 are equal to zero. By inspection, we see that upon integration by parts in x, y and z, we
obtain a reordering of each component of the scalar operator:∫
(E · ∇)(r×E∗)dr = −
∫
(∇ ·E)(r×E∗)dr (2.30)
In free space with no free sources, Eq. 2.1 gives ∇ ·E = 0, and hence the above integral cancels to
zero. Returning to Eq. 2.27, we apply the chain rule to the first term involving the gradient of the
intensity of the field:
r×∇(E ·E∗) = r×
∑
β
Eβ∇E∗β + c.c.
=
∑
β
Eβ(r×∇)E∗β
(2.31)
Substituting Eqs. 2.28 and 2.31 into Eq. 2.27 yields our final expression for the total angular
momentum of the electromagnetic field:
〈J〉 = 〈 0
iω
∫
(
∑
β
Eβ(r×∇)E∗β + E×E∗)dr〉 (2.32)
The first thing to note is that the R.H.S. of Eq. 2.32 has been separated into two components. In
the introduction we mentioned the difficulties in separating the total angular momentum of the
electromagnetic field into spin and orbital components. At this point, it is tempting to identify the
two terms in Eq. 2.32 as the spin and orbital components of the total angular momentum however
in general, these components do not satisfy several important properties such as invariance under
Lorentz transformations or the correct commutation rules for spin and angular momenta [5]. In
order to correctly separate Eq. 2.32 into spin and orbital components, from this point forwards we
assume that the electromagnetic field is paraxial, and that we are always in a single frame of
reference. We return to this topic in the following subsection. Returning to Eq. 2.32 we identify
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the first term as the total orbital angular momentum of the fields (L), and the second term as the
total spin angular momentum (S):
L =
0
iω
∫ ∑
β
Eβ(r×∇)E∗βdr (2.33)
S = 0
iω
∫
E×E∗dr (2.34)
The integrands of Eqs. 2.33 and 2.34 are similarly identified as the orbital and spin angular
momentum densities:
l =
1
i
∑
β
Eβ(r×∇)E∗β (2.35)
s =
1
i
E×E∗ (2.36)
Here we make mention of one important observation, the OAM contribution to the angular
momentum (Eq. 2.33) is independent of the polarization of the electric and magnetic fields and
depends solely on the gradients of the fields. In turn, the SAM contribution to the total angular
momentum (Eq. 2.34), does not depend explicitly on the coordinate system, but does depend on
the polarization of the fields. This is the major difference between the OAM and SAM
components of the total angular momentum of electromagnetic fields. From inspection, the
classical operator associated with the OAM density is r×∇. We write out the x, y and z vector
components below in cylindrical coordinates:[
r×∇]
x
= −( sinφ ∂
∂θ
+ cot θ cosφ
∂
∂φ
)
(2.37)[
r×∇]
y
= −( cosφ ∂
∂θ
+ cot θ sinφ
∂
∂φ
)
(2.38)[
r×∇]
z
=
∂
∂φ
(2.39)
We note that there also exist analogous quantum operators for the spin and orbital angular
momentum densities of the first quantization of the electromagnetic field [7] which satisfy the
correct commutation relations for general angular momenta [19]. For the purposes of this thesis, it
is this z-component of the orbital angular momentum of light that we are interested in. From
Eq. 2.39, the z-component of the OAM density depends on the derivative of the electric field with
respect to the azimuthal coordinate and one consequence of this is the local OAM density is
non-zero when there is any fluctuation in the EM field which varies with φ. Similarly the total
integrated OAM of the field will be non-zero when there are fluctuations of the field which are
asymmetric in φ.
2.2.1 Separation of spin and orbital angular momenta
At the beginning of this chapter we derived an expression for the angular momentum density of
the electromagnetic field (Eq. 2.19) from the classical expression for the angular momentum
j = r× p. We then separated the total angular momentum into two components which we
identified as the orbital and spin components of the total angular momentum. While this nicely
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builds upon the concepts of classical mechanics, this treatment belies the more fundamental
connection between angular momentum and rotations as well as the role of the orbital and spin
angular momentum. Irrespective of whether we are interested in electromagnetic radiation, or
other spin 1 particles, the angular momentum operator can be more generally defined as the
generator of rotations of vector fields [19]:
R(n, θ)Ψ = e−iθ(n·J)Ψ (2.40)
R(n, θ) is a unitary transformation representing the rotation of the initial field Ψ by an angle θ
around an axis n. The angular momentum operator J is thus defined as the operator which
performs a rotation of a vector field.
In the limit of small angular rotations, this operator can be further separated into what we
recognize as the orbital angular momentum operator and the spin operator. The OAM operator is
responsible for rotations of the scalar field amplitudes and the spin operator is associated with
rotating the vectors of the field. The problem is that generally, these operators cannot be
separated as they do not independently rotate the amplitude and unit vectors of the vector field
while preserving the transverse nature of the electric and magnetic fields [4, 5, 20]. The
transversality condition is contained within Maxwell’s equations (Eqs. 2.1 and 2.2). This problem
is illustrated in Fig. 2.1 by describing the rotation of one of the transverse field vectors around an
arbitrary axis (a) and in the limit of small angles of deviation between the axis of rotation and the
axis of symmetry (b).
a) b)
Axis of rotation
Axis of symmetry
Axis of symmetry
Axis of rotation
Initial vector
Final vector
Final vector
Initial vector
Tangent plane 
Tangent plane 
Figure 2.1: a) When the axis of rotation (white) is at a significant angle with respect to the axis of
symmetry (black), rotation of a vector (blue) around the axis of rotation results in a vector (orange)
which is no longer transverse to the direction of propagation (plane of transverse vectors denoted
by pale blue plane). b) Rotation of a vector around an axis of rotation, when that axis coincides
with the axis of symmetry produces a resulting vector which is transverse to the axis of symmetry.
In the paraxial limit, the angle of propagation of light rays are small with respect to the axis of
rotation (Fig. 2.1b). Any rotation of the vectors around the axis of rotation will leave the vector
transverse to the k-vectors of the field, and the new field will be a valid solution to Maxwell’s
equations. Consequently the separation of spin and orbital angular momentum operators of the
electromagnetic field becomes meaningful only in the paraxial regime. From this discussion it is
clear that the identity of the OAM and SAM of light is not as straightforward as it might appear,
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however for all the experiments performed in this thesis and in all of the situations considered, we
assume the validity of the paraxial approximation.
2.3 OAM of Paraxial beams
The experiments contained within this thesis were all performed with light either from a
collimated laser source, or from the sun. These can safely be assumed to fall within the paraxial
approximation and for this reason we give particular attention to the OAM of paraxial beams of
light. More broadly, due to the ubiquitous proliferation of the laser, almost every experiment
investigating the orbital angular momentum of light, will deal with the manipulation of the OAM
of light in the paraxial regime. Even for non-paraxial experiments such as momentum transfer
from focused Laguerre-Gauss beams [17, 21, 22], the preparation of the OAM of the source will
generally be paraxial.
In this section, we shall derive the wave equation for a monochromatic field which varies
sinusoidally in time at frequency ω. Take the curl of Eq. 2.3 and substitute in Eq. 2.4.
Recognizing that in vacuum, H = 1µ0 B and D = 0E. Using the vector identity:
∇× (∇×E) = ∇(∇ ·E)−∇2E, and applying Eq. 2.1 we obtain the wave equation:
(∇2 + k2)E = 0; (2.41)
Where k = 2pi/λ is the wavenumber. We now make another assumption about the form of the
field:
E(x, y, z) = u(x, y, z)e−ikz (2.42)
Where E(x, y, z) represents each component of the electric field which is propagating in a specific
direction z. Substituting this field into the wave equation yields the following:
e−ikz
[∂2u
∂x2
+
∂2u
∂y2
+
∂2u
∂z2
− 2ik∂u
∂z
]
= 0 (2.43)
We now assume that the field is slowly varying along the direction of propagation. This
assumption is known as the paraxial approximation:
∂2u
∂z2
 k∂u
∂z
(2.44)
The wave equation under this approximation simplifies to the paraxial wave equation:
∂2u
∂x2
+
∂2u
∂y2
− 2ik∂u
∂z
= 0 (2.45)
2.3.1 Laguerre-Gaussian modes
The Laguerre-Gauss (LG) modes are very widely used in laboratory experiments on the OAM of
light for two reasons:
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1. LG modes are solutions to the paraxial wave equation and bear close resemblance to the
familiar Gaussian mode1.
2. LG modes have a well defined OAM of `~ per photon.
OAM solutions to the paraxial wave equation are useful because experimentally, optical OAM is
generally imparted to a beam by modifying the phase profile of a collimated Gaussian mode (e.g.
thin film phase hologram [23, 24], SLM [25], Q-plates [26] etc.). Furthermore, even if the
experiment is performed in the non-paraxial regime, the preparation of the OAM mode will most
commonly be in the paraxial regime.
Regarding the second point, Laguerre-Gauss modes of light are separable in radial/axial (r, z) and
azimuthal coordinates θ and as it turns out, are eigenfunctions of the orbital angular momentum
operator Lz in Eq. 2.39.
Given the paraxial wave equation, we now provide a brief derivation of the Laguerre-Gauss modes
as solutions in cylindrical coordinates. Let us first assume a trial solution unm to Eq. 2.45 which is
separable in θ and (r, z). θ is the azimuthal angle, while r and z are the radial and axial
cylindrical coordinates.
unm = un(r, z)× um(θ) (2.46)
Substituting Eq. 2.46 into Eq. 2.45 and changing from Cartesian to cylindrical coordinates yields:
([∂2un
∂r2
+
1
r
∂un
∂r
]− 2ik∂un
∂z
) r2
un
+
1
um
∂2um
∂θ2
= 0 (2.47)
Noting that the final term in 2.47 depends only on θ, we perform a separation of variables to
obtain the PDE in θ:
1
um
∂2um
∂θ2
= −`2 (2.48)
The solution to this second order PDE is trivially as follows:
um = e
i`θ (2.49)
Substituting this solution back into Eq. 2.47:
r2
∂2un
∂r2
+ r
∂un
∂r
− 2ikr2∂un
∂z
− `2un = 0 (2.50)
It should be noted that if one assumes that the unm is azimuthally symmetric unm = un(r, z),
then the solution of Eq. 2.50 yields the standard Gaussian solution. In order to evaluate the
paraxial wave equation including the radially and axially varying components of un(r, z) we
propose the trial function:
un = A(q(z))h(
r
p(z)
)e
−i kr2
2q(z) (2.51)
Substituting this trial solution into our expression for the paraxial wave equation (Eq. 2.50), after
further calculation, one arrives at an expression for the Laguerre-Gauss solutions to the paraxial
1The lowest order mode of the LG modes is in fact a Gaussian.
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wave equation [27].
up`(r, φ, z) =
C
1 + z2/z2R
( r√2
w(z)
`)
L`p
( 2r2
w2(z)
)
× exp ( −r2
w2(z)
)
exp
−ikr2z
2(z2 + z2R)
exp(−i`φ)
× exp (i(2p+ `+ 1) tan−1 z
zR
)
(2.52)
C is a normalization constant, w(z) is the width parameter which determines the width of the
Gaussian envelope function, zR is the Rayleigh length of the beam. The Rayleigh length is defined
as the distance of propagation over which the width of the beam doubles. These are all identical
to the same parameters for a Gaussian beam. The fourth and fifth terms exp
( −r2
w2(z)
)
exp −ikr
2z
2(z2+z2R)
are also both found in the expressions for regular Gaussian beams and describes the transverse
Gaussian envelope of the electric field, and the divergence of the field due to propagation,
respectively. This similarity to the standard Gaussian beam is not particularly surprising as the
Gaussian beam is the lowest order LG(0,0) mode in the Laguerre-Gauss family of solutions. The
final term in Eq. 2.52 also contains remnants of the classical Gaussian solution, the expression
exp
(
i tan−1 zzR
)
is the Gouy phase shift of a Gaussian mode which describes the difference in
propagation constant (and hence phase) between a truly infinite plane wave and a Gaussian
beam [28].
The remaining terms in Eq. 2.52 are unique to the Laguerre-Gaussian family of solutions. The
second term,
(
r
√
2
w(z)
`)
, scales the electric field by a factor r`. This term gives rise to the intensity
null at the origin of the LG mode. The width of this null is a function of the OAM number `, and
higher order modes with greater values of ` have broader nulls. This property is famously utilized
in stimulated emission depletion (STED) microscopy [29], where the width of this intensity null
defines the spatial resolution of the microscope.
The third term, L`p
(
2r2
w2(z)
)
, denotes Laguerre polynomials of order (p, `), p the radial mode
number, and ` being the azimuthal mode number. ` is also conveniently the same variable which
denotes the average quanta of orbital angular momentum carried per photon in a beam. This
connection is made in the following section. Throughout this thesis there are constant references
to LG or Laguerre-Gauss modes of order `, the radial order is implicitly set to p = 0 for the reason
that it is the azimuthal order ` which is related to the beam OAM.
The sixth term is a phase term, exp(−i`φ) which varies linearly with angle. The azimuthal mode
number ` is an integer quantifying the number of times the phase ramps from 0 to 2pi around the
angular coordinate φ. For example, if one were to measure the spatial phase of a LG(0,2) mode, as
the observer rotated around the axis of the beam at a constant radius, the phase would vary from
0 to 2pi as the observer rotates 180◦, and as the observer completes a full rotation around the
beam axis, the phase would vary again from 0 to 2pi. This “helical” phase shift is visualized in
Fig. 2.2 for LG modes LG(0,0), LG(0,1) and LG(0,2). One note is that for non-zero values of `,
the phase at the origin is undefined. To resolve this problem, the intensity of the LG mode must
be considered. As mentioned above, the amplitude of the LG modes are scaled by a factor r|`| and
thus at the origin, while the phase is undefined, the amplitude is also zero. This avoids the
problem of having a field with multiple values of the phase at a single point in space.
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The final term in Eq. 2.52 is the Laguerre-Gauss equivalent to the Gouy phase shift. Compared to
a Gaussian, the Gouy phase shift of a LG mode depends on both the radial and azimuthal mode
numbers which is not particularly surprising. As already mentioned, the Gouy phase shift arises
from the difference in transverse momenta between an infinite plane wave and the LG mode, and
as the LG mode has higher order transverse momenta associated with it, we expect a larger Gouy
phase.
Figure 2.2 shows the calculated intensity and phase profiles of various LG(0,`) modes.
Intensity Phase
a)
b)
c)
Figure 2.2: Numerically calculated intensity (right) and phase (left) profiles of a) LG(0,0), b)
LG(0,1) and c) LG(0,2) modes.
The Laguerre-Gaussian modes are solutions to the paraxial wave equation. These modes of light
represent a complete set of basis functions, and as any linear combination of solutions to a
differential equation is itself a solution, any spatial distribution of light can be represented as a
sum of Laguerre-Gauss modes. The significance of this, is that one can imagine that every source
of light possesses OAM, due to this expansion in Laguerre-Gauss modes. Very often throughout
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this thesis, we will make reference to the expansion of an electromagnetic field into angular
harmonics or “OAM” modes, rather than in LG modes. This refers to the expansion of the
complex scalar amplitude f(r, φ) into the set of spiral harmonics ei`φ:
f(r, φ) =
∞∑
`=−∞
A`(r)e
i`φ (2.53)
Where A`(r) is as follows:
A`(r) =
∫ 2pi
0
f(r, φ)e−i`φdφ (2.54)
This expansion can be related to the LG solutions to the paraxial wave equation by setting z =
constant and combining the terms in Eq. 2.52 which depend on z and r into a radially dependent
term A`(r). In this thesis, we never specify the particular form of A`(r), as we are interested in
the OAM density which is related to the angular azimuthal coordinate, however it is naturally
assumed that they are some solution of the paraxial wave equation (e.g. LG(p, `) modes). In fact,
in all cases in which Equations 2.53 and 2.54 are employed, we never calculate the radial indices of
the full LG decomposition. The consequence of this is that any set of solutions to the paraxial
wave equation which is separable in (r, φ) and has the same exponential dependency exp i`φ will
have the same azimuthal decomposition in Eq. 2.53. This section chooses Laguerre-Gauss modes
for our description as they are very common experimentally, and for the fact that they also
include the standard Gaussian mode. An important point to note here is that any paraxial
electromagnetic field may be decomposed into a series of OAM modes, even fields which do not
carry a total angular momentum (Jz = 0). This of course does not necessarily imply that the local
OAM density (Eq. 2.35) is zero, only that that the integrated OAM per photon equals zero.
A paraxial electromagnetic field can be decomposed into OAM modes as stated above, however
furthermore any complex function such as the intensities of an image may be expanded into a
multipole series identical to Eq. 2.53. To be clear about the difference in physical interpretation,
the expansion of a paraxial distribution of light using Eq. 2.53 decomposes the electric field into a
family of solutions to the paraxial wave equation which propagate in the far field carrying higher
order momentum. The decomposition of the intensities of the field (i.e. the image formed by a
camera) using a mathematical expansion identical to Eq. 2.53 contains information about the
spatial frequencies associated with the image.
This is clear when the standard Fourier transform is rewritten in polar coordinates. Let’s start by
assuming that there is a function f(x¯) and it’s Fourier transform F (k¯) as defined below, where
x¯ = (x, y) and k¯ = (kx, ky):
F (k¯) =
∫ ∫
f(x¯)ei(k¯·x¯)dx¯ (2.55)
f(x¯) =
∫ ∫
F (k¯)e−i(k¯·x¯)dk¯ (2.56)
(2.57)
A Cartesian to polar coordinate transformation from (x, y) to (r, φ), and hence (kx, ky) to (kr, φk)
transforms Eq. 2.55:
F (k¯) =
∑
n
e−inφkin
∫ ∞
0
rJn(krr)
∫ 2pi
0
f(r, φ)einφdφdr (2.58)
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The integral in r is known as the n-th order Hankel transform. Equation 2.58 clearly demonstrates
that the Fourier transform of a function f(x, y) is proportional to the expansion of a function in
spherical harmonics as seen above. This equation is valid for any function, and if we choose f(r, φ)
to represent the intensities of the image, rather than the complex amplitude of the field, since the
Fourier transform contains information about the spatial frequencies of the image, so must the
expansion into spherical harmonics.
Astute readers will by now have noticed that the solution of the paraxial wave equation in
cylindrical coordinates requires the definition of a unique origin around which to define the
coordinate system. The direct consequence of this is that in order to calculate the coefficients
A`(r) given a particular field, one must first define the axis around which to define a circular
coordinate system which in turn defines the decomposition. This is particularly pronounced if one
were to measure the OAM decomposition of a LG(0,1) mode around an axis which is laterally
displaced from the vortex core [30]. This essentially arises from the fact that unless certain criteria
are met, the OAM of light is in general not an intrinsic property of light (independent of the
measurement axis). For a more detailed discussion we refer interested readers to [31]. This point is
important when measuring the OAM of light from astronomical sources. In Ref. [31] it is shown
that the total measured OAM of a beam of light is intrinsic only when the field has no transverse
momentum. Consider the effect of displacing the axis around which the OAM of an
electromagnetic field is measured in Eq. 2.17 by r0 = (r0x, r0y). The corresponding total angular
momentum in the z-direction is:
Jz = 0
∫
x
∫
y
(r + r0)× (E×B)dxdy (2.59)
(2.60)
In order for Jz to be independent of the choice of r0, the transverse momenta
0r0x
∫
x
∫
y ×(E×Bx)dxdy and 0r0y
∫
x
∫
y ×(E×By)dxdy must both equal zero. In laboratory
experiments, very often E is a collimated laser beam with a well-defined value of ` e.g. a
superposition of LG(p, 1) modes. In order for these beams to satisfy the no-transverse momentum
condition above, their complex amplitudes must be apertured symmetrically around the axis
defined by the vortex core. In this case the total transverse momenta go to zero and integration of
the z-component of the OAM density will yield the same result independent of the axis around
which the OAM densities are measured. For the light emitted by an arbitrary astronomical source,
this is unlikely to be satisfied which implies that the total OAM measured varies with the choice
of measurement axis. This effect must generally be accounted for, either by modelling the
expected OAM spectrum for measurements around different axes, or by performing differential
measurements around the same measurement axis (as in Chapter 6).
2.3.2 Laguerre-Gauss modes and OAM
From Eq. 2.52, the dependence on the angular coordinate φ is decoupled from the rest of the
equation, and in addition appears as an azimuthal phase dependence of the form ei`φ. We now
proceed to apply the classical OAM density operator in Eq. 2.39 to the Laguerre-Gauss mode:
1
i
[
r×∇]
z
up`(r, φ, z) =
1
i
∂
∂φ
Ap`(r, z)e
−i`φ (2.61)
= −`up`(r, φ, z) (2.62)
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Where the various terms in Eq. 2.52 which do not explicitly depend on φ have been subsumed into
Ap`(r, z). Eq. 2.62 demonstrates that the LG modes are eigenfunctions of the OAM operator in
the axial direction, one consequence of which is that the photons in these modes carry a well
defined OAM which is directly proportional to the azimuthal order `. To show this let us perform
a quick calculation of the average OAM carried per photon in a LG mode. The following
calculation follows the derivation in [14].
Substituting our expression for the Laguerre-Gaussian modes, Eq. 2.52, back into Eq. 2.42 gives us
each vector component of the associated circularly polarized electric field:
E = E(x, y, z)(x + iσy) (2.63)
σ = 0,±1 depending on whether the electric field is linearly polarized, or circularly left/right
polarized respectively. Let us first calculate the linear momentum density along the direction of
propagation Pz. Substituting Eq. 2.63 into Eqs. 2.25 and 2.26 gives us the Poynting vector which
describes the full linear momentum density:
P =
i
ωµ0
〈1
2
∇(E ·E∗)− (E · ∇)E〉 (2.64)
=
i
ωµ0
〈
∑
β
Eβ∇E∗β − (E · ∇)E〉 (2.65)
Where the term ∇(E ·E∗) has been expanded using the chain rule. The linear momentum density
along the direction of propagation is Pz:
Pz =
i
ωµ0
E
∂
∂z
E∗ (2.66)
=
−k
ωµ0
|u|2 (2.67)
In the second line we invoke the paraxial approximation to approximate E ∂∂zE
∗. In our units of
c = 1, the momentum density flux is directly proportional to the energy flux.
Now we continue our calculation of the angular momentum of the Laguerre-Gaussian modes. We
insert the electric field (Eq. 2.63) into our expression for the total angular momentum derived
previously, Eq. 2.32. Taking only the z component of the spin and orbital angular momentum
operators:
Lz =
0
iω
√
2
∫ ∑
β=x,y
Eβ(
∂
∂φ
)E∗βdr (2.68)
=
0
ω
|E|2` (2.69)
Sz = −0
ω
|E|2σ (2.70)
Dividing the z-component of the orbital and spin angular momenta by the energy flux in Eq. 2.67
gives a total angular momentum:
Jz
Pz
=
(`+ σ)
ω
(2.71)
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Thus for a Laguerre-Gaussian mode, the z-component of the total angular momentum per unit
flux depends on ω, ` and σ, and in particular the OAM per energy flux is directly proportional to
the OAM number ` as was previously stated without proof. The SAM per energy flux is solely
defined by the handedness of the circular polarization of the field and does not depend on the
spatial profile of the Laguerre-Gauss mode.
Finally, normalizing the SAM and OAM of the LG modes to the photon flux yields the average
angular momentum per photon of the LG modes:
Jz
Pz
~ω = ~(`+ σ) (2.72)
For Laguerre-Gauss modes of light, not only is the total orbital angular momentum per unit flux
directly proportional to the “charge” ` of the vortex ei`φ, but a photon in a Laguerre-Gauss mode
on average, carries ` quanta of angular momentum.
One point worth emphasizing is that the calculation of the average OAM carried by a photon in a
Laguerre-Gauss mode did not depend specifically on the radial component of E(r, φ, z). In order
to obtain Eqs. 2.71 and 2.72 three assumptions were made: that the mode is a Maxwell field, the
mode is paraxial, and that the mode is an eigenfunction of the paraxial OAM density operator
and from Eq. 2.62 we know that any field which depends has only an ei`φ dependence on φ is an
eigenfunction.
This result is the reason why Laguerre-Gauss modes are so ubiquitous in optical OAM
experiments. Imparting a Gaussian beam with an OAM carrying phase ei`1φ does not create a pure
Laguerre-Gaussian LG(p, `1) mode, the resulting beam will be a superposition of Laguerre-Gauss
modes in the radial index p. The resulting mode however, will have a single value of ` = `1, and
be an eigenfunction of the OAM density operator along the direction of propagation and hence
each photon on average will carry a well defined orbital contribution to the angular momentum.
For the remainder of this thesis we consider the OAM of light in the paraxial regime and use the
results from this chapter to justify our various analyses which invariably relate back to the
paraxial OAM operator Lz and it’s eigenfunctions. In the next chapter, we explore the role that
the OAM of light has played in astronomy.
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3Photon orbital angular momentum in
Astronomy
The OAM of photons has only very recently been adopted by the astronomy community as an
instrumental tool to increase the contrast between a pair of objects (one bright and one dark).
Vortex coronagraphy, in which spiral phase plates imparts well defined orbital angular momentum
to a field, are used to generate nulls at certain points in the field of view of the telescope. By using
the fact that well defined OAM states possess a null at the centre (due to total destructive
interference at the point of the phase dislocation), astronomers impart OAM to the field collected
by a telescope, such that the central null is centered on a bright point (e.g. a star) in order to
block the light from that point. This technique has now been tested on many professional
telescopes (Hale telescope at Palomar, SPHERE on the VLT [1], and the coronagraph on GPI).
There has also been several papers published which propose the use of photon OAM for the
calibration of astronomical instruments as well as dealing with optical aberrations [2, 3], and we
have published our own work describing the use of optical vortices in an intuitive method for
optical aberration compensation [4]. Until now though, the investigation into OAM as an
observable in astronomy has gone largely untouched, with only a couple of groups performing very
preliminary observations [5, 6] of stars. These results represent the first steps towards a study on
the feasibility of measuring non-terrestrial sources of OAM, however the results that they find are
far from unambiguous.
In [5], the overwhelming source of uncertainty associated with the measurement was the earth’s
atmosphere. Any field of light propagating through a turbulent medium (terrestrial/interstellar)
will undergo local variations in phase which modify the local distribution of power in different
OAM modes. The detection method used (refractive mode sorter) was identical to the method
adopted in this thesis, however without accounting for the effect of the earth’s atmosphere in some
way, the OAM signal measured in the study was undoubtedly dominated by turbulence.
The theme of this chapter is the incorporation of the OAM of light into astronomy. We discuss the
practical applications of OAM in astronomy including vortex coronography and OAM for
instrument calibration, and then move towards current studies attempting to measure the OAM of
light from astronomical sources.
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3.1 Application of optical OAM for instrumentation
3.1.1 Phase mask coronagraphy
The most widespread application of the OAM of light to astronomy is the manipulation of the
OAM of starlight in a phase mask coronagraph. In astronomy, one major problem is the
measurement of light from an object which is near a much brighter object. This is the case for
some binary star systems, and potentially searching for exoplanets with high contrast direct
imaging. A coronagraph is a device which blocks out the light from the bright object, while
passing the light from the companion object. Lyot coronagraphs were first developed as a solution
to this problem and originally used to observe the corona of the sun [7]. In this case, a physical
occulting mask is introduced at the focus of the telescope to physically block the image of the
bright object. This approach has a limit to the extinction ratio between the light of the central
bright object and the faint target object, imposed by the physical presence of the occulting mask.
At the edges of the mask, light from the central object diffracts and leaks into the coronagraph.
Phase mask coronagraphs are a family of coronagraphs which use phase masks in order to avoid
this deficiency of Lyot coronagraphs and achieve much better extinction ratios potentially of use
in the search for exoplanets [8–10]. The phase mask coronagraph replaces the physical occulting
mask with an optical element that generates a phase shift of ei`φ in the starlight [11]. This phase
you would recognize as the phase of an eigenmode of the OAM density operator in the z-direction
(lz). For proper nulling of the target, ` = 2 is usually selected. The target object on-axis with the
vortex forms a ring of light at the Fourier plane of the phase plate, while an off-axis target
undergoes a deflection. An aperture can then be placed in the Fourier plane to only allow the
off-axis target to enter the rest of the optical system [12]. Different types of phase mask
coronagraphs generate this OAM phase shift using different methods. A vortex coronagraph uses a
` = 2 spiral phase plate [8], while a vector vortex coronagraph uses a device known as a
Pancharatnam-Berry optical element (PBOE) [9, 11–14].
3.1.2 Sub-Rayleigh diffraction limited resolution
The traditional Rayleigh criterion is defined for the separation of two point sources when the
central maximum of one of the Airy discs overlaps with the first minima of the second Airy disc.
Using this definition, the angular resolution of a telescope with diameter D, and at a wavelength λ
can be defined θR = 1.22 λD . As this criteria is only defined for the separation of a pair of point
sources, a different resolution criteria must be used when measuring the separation of optical
vortices. A similar definition has been proposed for a pair of optical vortices, the resolution limit
being defined as the separation at which the first maxima of one vortex overlaps with the central
core of the second [16]. Surprisingly, using this definition the resolution of two vortices is 0.64θR,
θR being the traditional Rayleigh resolution of a pair of point sources. This holds only for vortices
|`| = 1. For higher vortex charges this vortex resolution becomes greater than θR (see Fig. 3.2 b)
lower inset). For astronomical applications, the majority of targets of interest are resolved point
sources, and in order to utilize this superior resolution, one must be able to convert the pair of
point sources into vortices. This challenge is considerable, particularly in the case of a pair of
unresolved sources where conversion of the point sources would require the precise alignment of a
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Figure 3.1: a) Inset of initial image plane. Initial binary star system Cor Caroli in the normalized
image plane. The vortex phase mask is placed at a2, the center of the target for extinction. Image
from [8]. b) Phase profile of ` = 1 phase mask generated from a phase profile combining an OAM
and transverse momentum phase ei(`φ+kx). Black denotes a phase of −pi and white +pi radians. c)
Fourier plane of the phase mask. Light from a2 has been transformed into a “ring of fire”. Image
from [15]. d) Normalized output image plane from the vortex coronagraph. The Lyot stop has
blocked the “ring of fire”, improving the contrast ratio between a1 and a2. Image from [8].
dynamic and more complicated phase mask than those currently used in phase mask
coronagraphy. Tamburini et al. were the first to realize that instead, a new resolution criteria
could be applied to the output of current phase mask coronagraphs [17].
Phase mask coronagraphs impart a single integer value of OAM to the target point source on axis
with the instrument, while the point source off-axis picks up a a distribution of OAM values. The
resulting asymmetry in the distribution of light lets one distinguish between each object (Fig. 3.2).
Tamburini et al. demonstrated that by interacting a pair of unresolved point sources with the
vortex mask (Fig. 3.1b) from a phase mask coronagraph, measuring the ratio of intensities at the
two central maxima of the resulting asymmetric diffraction pattern represented a sensitive
measurement of the separation of the sources (Fig. 3.2). Two new resolution criteria were
proposed: the separation between two optical vortices at which the first maxima of one overlaps
with the central vortex of the other (see Fig. 3.2 b) lower inset), and the intensity ratio of the first
minima of the resulting diffraction pattern (see Fig. 3.2 a) inset). These criteria were rejected and
Tamburini created a new resolution criteria, defining the two objects as resolved, when a 5%
difference between the ratio of intensities of the first maxima could be measured. Given this
definition, Tamburini found that the “resolution” achievable is an order of magnitude greater than
the traditional Rayleigh criterion. In general however, the SNR of the system determines the
largest intensity ratio capable of being measured, and correspondingly the smallest separation
measurable.
For example, given a system which is only capable of measuring a 10% difference in the first
maxima intensity ratio, the minimum resolvable separation of two point sources will be greater
than the 5% criterion defined by Tamburini. Fig. 3.2 b) gives the first maxima intensity ratio
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arising from a specific sub-Rayleigh separation of a pair of point sources. The solid lines and the
square boxes gives the theoretical and experimental data for 632.8 nm radiation, and the top
dashed line and solid triangles denote the fitted and simulated results for the instrument operating
with white light.
The experimental implementation of this concept is similar to the phase mask coronagraph in
Fig. 3.1 with the exception that a Lyot stop is not used to attenuate the light from the central
object [17]. Currently, there have been no on-sky demonstrations of this concept however.
Due to the similarities between the application of OAM to sub-Rayleigh diffraction limited
resolution, and the phase mask coronagraph, these techniques have been combined into a single
instrument, however the coronagraph requires that an ` = 2 vortex phase mask be applied, and
hence a new resolution criterion is proposed. Rather than measure the intensity ratio of the first
maxima of the diffraction pattern after interacting the two sources with the phase mask, by
measuring the position of the central minima, the original separation of the sources can be
measured. This has been demonstrated with simulations [15], however a measure of the minimum
achievable resolution given a particular SNR of the system was not provided.
While phase-mask coronagraphy is a well accepted instrument for professional telescopes, the
combination of phase-mask coronagraphy with sub-Rayleigh resolution has yet to be applied to
routine instruments at telescopes. There has been a proposal also that both these techniques be
applied in the radio, at the Large Millimetre Telescope (LMT), where the segmented collector
mirrors could be used as a spatial light modulator [18].
a) b)
Figure 3.2: a) Experimental intensity profiles from the output of a vortex phase mask for a separation
between two points sources of 0, 0.42 and 0.84 Rayleigh widths. This corresponds to the intensity
profile just before the Lyot stop in Fig. 3.1. The inset of a) offers a magnified view of the first
minimum of the resulting intensity profile. b) Plot of the intensity ratio between the first maxima
of a) as a function of Rayleigh widths. Images a) and b) from [17].
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3.1.3 Orbital angular momentum for instrument calibration
The orbital angular momentum of light is associated with the spatial properties of the
electromagnetic (EM) field and is sensitive to wavefront variations due to aberrations. For this
reason, it has been proposed that orbital angular momentum sources can be utilized as
instrumental calibrators, and by measuring the response of the instrument to an OAM mode of
light, one can deduce the aberrations present in the instrument [3, 19]. In these papers Elias
argues that this can be used for both imaging telescopes, as well as radio interferometers.
Resolved point sources such as stars can be used as instrumental calibrators, provided that the
point sources are aligned with the measurement axis of the instrument, as well as what Elias calls
the “standard astronomical assumption” (SAA) is satisfied. The SAA is the requirement that the
electric fields at the aperture of the telescope are spatially uncorrelated, however Elias admits that
this assumption may be violated by the propagation of light through turbulent gas, or other
mechanisms of generation of OAM which we discuss later in the chapter. Assuming the SAA is
satisfied, the OAM measured by the instrument will almost entirely consist of the OAM associated
with the aperture of the telescope, defined by Elias as the instrumental “torque”. These
source-independent torques can be measured by treating the point-spread function (PSF) of the
instrument as an infinite series of OAM modes, and are proposed as alternatives to Zernike
polynomials for characterizing the instrumental response.
A similar procedure can be performed for interferometers, with the additional complication that
the synthesized aperture of the interferometer is discretely, and incompletely sampled. This
problem is not trivial, as this OAM is generally defined in polar coordinates and requires the
discretized sampling to be interpolated. For radio interferometers, Elias shows that the OAM of
the electric field measured, assuming SAA and an on-axis point source, depends completely on the
response of each of the telescopes composing the interferometer. The instrumental “torques”
applied by the telescope gain functions to the incoming electric field are analogous to the “torque”
induced by the aperture function of the imaging telescope mentioned in the previous paragraph.
As a final demonstration, Elias made use of holography observations (measurements of the
amplitude and phase response) of individual radio antennas in the Expanded Very Large Array
(EVLA) to characterize the response of each antenna in the array using OAM modes. Holography
measurements of individual radio antennas in an array are usually used to optimize the alignment
of the reflector panels in order to maximize the signal measured at the detector [20].
The amplitude and phase response of each antenna was then decomposed into OAM Fourier
components, representing the applied instrumental “torque” due to the system diffraction function
of the antenna. These OAM spectra represent how the OAM spectrum of a source is changed by
the instrument. By summing the total OAM spectra of each antenna, Elias used the total “torque”
as a metric for measuring the quality of each antenna in the EVLA, with an ideal antenna
possessing only the ` = 0 OAM component in its phase and amplitude response, and a resulting
torque of 0. Fig. 3.3 gives an example of the a) amplitude and b) phase response (i.e. the
diffraction function) of one of the antennas in the EVLA. Fig. 3.3 c) is the system diffraction
function D(ρ, φ) of the antenna which has been expressed in terms of angular harmonics and
integrated in radius as in Eq. 3.3 to give the total change to the OAM of a source measured using
the antenna.
We have done work to extend the application of OAM for instrument analysis to the calibration of
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Figure 3.3: a) Amplitude response of radio antenna at the EVLA. b) Phase response of radio
antenna at the EVLA. c) OAM response of radio antenna at the EVLA. The y-axis is the log 10
OAM coefficients. Images from [3].
an imaging experiment for visible wavelengths [4]. We applied this concept to the first order
correction of the aberrated PSF of an experiment by modelling the PSF as a series of OAM
modes, and correcting for the most significant non-zero OAM modes in the PSF. The experiment
consisted of a spatial light modulator (SLM) used to generate beams with OAM phases of the
type ei`φ, followed by a series of imaging optics to view the resulting intensity profile. Using the
formalism adopted by Elias [3, 19], the measured field at the output of the experiment E′(r′) is
related to the electric field at the input E(r) by the following relation:
E′(r′) = E(r)D(r′) (3.1)
D(r′) is the diffraction function of the instrument. A paraxial electromagnetic field will thus have
the following form at the output:
E′(r′) = E(r)
( ∞∑
n=−∞
Dn(ρ′, z′)ei(nφ′+ϑn)
)
, (3.2)
Where we have expressed the diffraction function of the experiment as a series of OAM modes:
D(r′) =
∞∑
n=−∞
Dn(ρ′, z′)ei(nφ′+ϑn) (3.3)
The ideal diffraction function of the experiment should apply no additional torque to the input
beam:
D\(r′) = D−n(ρ′, z′) (3.4)
For a diffraction function of the form given in Eq. 3.4, the OAM expansion of the output to the
experiment should be unchanged from the input. In the presence of misalignments and
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aberrations however, the diffraction function of an experiment will generally have additional
components and subsequently modify the OAM spectrum of an input field.
Using a vortex beam source with a well defined OAM (E(r) = C(ρ, φ, z)ei`φ), we probed the
diffraction function of our experiment. We then identified the highest order term in the OAM
expansion of the diffraction function after the n = 0 term (Dm(ρ′, z′)ei(`mφ′+ϑm)), and used a SLM
to generate an additional component, Dm′(ρ′, z′)ei(`m′φ′+ϑm′ ), matched to the same amplitude
(Dm′(ρ′, z′) = Dm(ρ, z)), but out of phase by pi radians (ϑm′ = ϑm + pi), such that destructive
interference occurs. The resulting electric field measured at the output is approximately:
E′(r′) ≈ E(r)(D0 +Dm(ρ′, z′)ei(`mφ′+ϑm) +Dm′(ρ′, z′)ei(`m′φ′+ϑm′ )) (3.5)
= E(r)D0 (3.6)
In this equation we have ignored all higher order terms in the expansion of D, after the two
dominant terms D0 and Dm in the diffraction function. The second line of Eq. 3.6 indicates that
the diffraction function of the experiment has been compensated (up to first order). The results of
PSF compensation are shown in Fig. 3.4. The top row shows a) the initial uncompensated
hologram displayed on the SLM , and c) the intensity profile measured at the output of the
experiment. The bottom row shows b) the initial hologram in a) modified with the additional Dm′
term according to Eq. 3.6. The resulting intensity profile is given in d). In a) the initial hologram
is actually that of an ` = 2 forked hologram, which is used to generate an ` = 2 OAM beam. This
is because the SLM in the experiment is simultaneously being used to create an OAM mode from
an incident Gaussian beam. In d) the SLM is subsequently used to generate an OAM mode, as
well as to compensate for the additional torque applied by the diffraction function of the
experiment. In Fig. 3.4 c), the presence of a pair of nulls is clearly visible at the center of the
` = 2 OAM beam. With an experiment with an ideal diffraction function, the measured intensity
should give a beam with a single null, however the torque applied by the experimental diffraction
function instead splits this central core into two. Upon applying the first order OAM correction to
the diffraction function, the two cores reform into a single null as expected. The presence of
uncompensated higher order terms in the experimental diffraction function are observable as they
result in the asymmetric intensity profile, as well as the slight ellipticity in the central null.
Uncompensated
Hologram
Compensated
Hologram
c)a)
b) d)
Figure 3.4: Top row: Uncompensated hologram and resulting OAM vortex beam. Bottom row:
Compensated hologram and resulting OAM vortex beam. The insets in a) and b) highlight the
difference between the compensated and uncompensated holograms. Image adapted from [4].
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3.2 Measurement of optical orbital angular momentum for obser-
vational astronomy
3.2.1 History of OAM for observational astronomy
In terms of the exploitation of the OAM of as an additional source of information, there has been
limited work done in this regard (in part due to the effect of turbulence which greatly complicates
a measurement).
Turbulence in the interstellar medium has also been shown to generate OAM in a propagating
electromagnetic field [6]. This was partially demonstrated in a laboratory setting by measuring
the change in the OAM spectrum of light propagating through a turbulent terrestrial atmosphere.
This group also went further and attempted to measure the OAM spectrum of stars, using data
from a Shack-Hartmann wavefront sensor (SH-WFS). A SH-WFS detects the local linear
wavefront gradients and reconstructs the original wavefront of the light entering the telescope. In
conventional adaptive optics systems, “branch-points” in the measured wavefronts are ignored
when correcting for wavefront aberrations, due to the inability of continuous surface deformable
mirrors to correct for the wavefront discontinuities associated with “branch-points” [21]. The
group in [6] have attempted to make use of the branch points themselves as measures of the OAM
of the wavefront. Branch points are defined as points in the wavefront which if you rotate around
at a constant radius from the branch point, the total phase accumulated is an integer multiple of
2pi:
∮
ψdr = 2pim. An example wavefront containing such branch points of order m = ±1 is
visualized in Fig. 3.5. In order to preserve the total vorticity of the field, the effect of atmospheric
turbulence is such that branch points are created in pairs of m = ±1. By identifying branch points
in the wavefronts of light from stars, Sanchez et al. interpreted each branch point as possessing an
angular momentum, and measured a normalized fraction of 0.17 of the total Lz = |`| = 1 from
HR1895. There are two reasons that these results cannot be said to represent the first
measurements of the OAM of an astronomical object.
Figure 3.5: Figure adapted from [6]. Simulation of phase profile of an optical wavefront containing
pairs of branch points. δ is the width between branch points in a pair. ∆ is the width between
branch points pairs.
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As we have discussed previously in Chapter 2, the Laguerre-Gauss solutions to the paraxial wave
equation have a well-defined OAM and possess a central phase discontinuity around which the
phase varies from 0 to `2pi depending on the azimuthal order of the LG mode. While it is
tempting to attribute phase discontinuities to the total OAM Lz of an electromagnetic field, this is
in general incorrect as there is no direct relation between vortex lines and Lz as described in [22].
In his paper, Berry argues that the presence of phase dislocations in a field are indicative of the
local angular momentum density, not the total angular momentum Lz. This can be seen by
considering the z component of the total orbital angular momentum of a linearly polarised
field (Eq. 2.33): 〈J〉 = 〈L〉 and hence:
Lz =
0
iω
∫ ∑
β
Eβ
∂
∂φ
E∗βdr (3.7)
Phase dislocations, however are associated with zeros of the electric field Eβ and hence do not
contribute to the integral in Lz or the total OAM. From the preceding argument, it is clear that
by quantifying the number of branch points in the wavefront, Sanchez et al. do not accurately
measure the total Lz of the light from the chosen stars.
The second point, which is of a less critical nature is that previous works by several groups
demonstrate that in the presence of atmospheric turbulence, the OAM spectrum of a wavefront is
broadened. In fact the same group published results showing that distributed volume turbulence
generates branch points in the wavefront of light [23]. So it is likely that this result from Sanchez
et al. of 17% of the total points of the wavefront consisting of branch points, is due to the
turbulence of either our own terrestrial atmosphere, or the turbulence induced by the interstellar
medium. Sanchez et al. concede in their paper that the high number of branch points measured
could be attributed to a particularly bad seeing event. The second measurement of the OAM of
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Figure 3.6: Figure adapted from [24]. a) Overlay of 1D OAM spectra obtained for each each star.
b) Width ranking of each spectrum as a function of the altitude of the target star. Width ranking
is the ordering of the OAM spectra from most to least broad, with the spectrum of Procyon (light
tan curve in a), the most broad spectrum with a width ranking of 1.
light from astronomical sources was by Sponselli et al. in 2013 [5, 24]. The observation was
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performed at Celado Observatory (Castello Tesino, TN, Italy) at an 80 cm Newtonian telescope,
in the absence of an adaptive optics system. Similar to Sanchez et al., Sponselli measured the
total OAM spectrum of light emitted by stars, however the method of detection was considerably
different. Sponselli measured the OAM distribution of light using a refractive mode sorter
described in Chapter 4. Compared to using a SH-WFS as in Sanchez et al., this method has a
clear connection to the orbital angular momentum Lz of the measured light. The modesorter
coordinate transformation converts local azimuthal phase gradients (
[
r×∇]
z
= ∂φ) into local
transverse phase gradients (∂⊥). A focusing lens then transforms each unique Lˆz to a separate
point at the focal plane as some function of radius. By summing over the radial dimension, the
complete operation yields the total integrated Lz of the field for each OAM component. This clear
connection between the OAM of the electromagnetic field and the refractive modesorter makes it a
very attractive tool for measuring the OAM of light.
The light from the telescope was collimated before being coupled to the refractive mode sorter and
therefore what was measured was the OAM spectra of the Fourier transform of the image, rather
than the image itself, however the total OAM Lz must be conserved, as well as the modal
components of the OAM expansion. This implies that the 1D OAM spectra obtained were still
valid. The aim of this work was to provide an initial proof-of-concept study, demonstrating that
an existing OAM detector could be adapted to an astronomical telescope and be used to measure
OAM spectra of astronomical objects. In order to test the proper operation of the modesorter,
Sponselli et al. measured the OAM spectra of seven stars over a period of three hours. The seven
targets consisted of stars near zenith, as well as near the horizon. Stars are essentially resolved
point sources and hence there should not necessarily be any specific OAM signature associated
with them. However, Sponselli was able to use the seven stars to probe the effect of the
atmosphere on the OAM spectra of light. Sponselli et al. measured the 1D OAM spectra of the
seven stars which seem to increase in width as the altitude of the stars reduced and qualitatively
demonstrated a broadening of the OAM spectra of the seven stars as a function of each stars
altitude. These results are consistent with atmospheric turbulence.
As the altitude of the stars decreases and they approach the horizon, the column of atmosphere
through which the starlight must pass to reach the telescope increases, and correspondingly the
turbulence. Fig. 3.6 contains the key results from the paper. The post processed 1D spectra for
each star are given as an overlay in Fig. 3.6 a). The x-axis represents the OAM number `, while
the y-axis is the normalized counts. The target stars are ranked in order of the widths of their 1D
OAM spectra from broadest (1) to least broad (8) and plotted against the altitude of the targets
stars in b). This spectrum width ranking is a proxy for the FWHM of the spectra themselves. The
trend in b) clearly shows the decrease in width of the OAM spectrum as the altitude of the star
increases.
3.2.2 Astronomical sources of optical OAM
In this section we discuss the most well-known astrophysical mechanisms that are predicted to
generate a measurable OAM signal. These are at present the most plausible targets for future
OAM measurements undertaken for observational astronomy.
Harwitt was the first to propose the measurement of photon OAM in astronomy in his 2003
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paper [25] and put forward two astrophysical mechanisms which could potentially be sensitive to
analysis by measuring the photon OAM of light. Harwitt suggested that radio emission from
astronomical sources could interact with density discontinuities in the interstellar medium (ISM)
which would impose a distribution of OAM modes onto an electromagnetic field, similar to the
phase discontinuities present in spiral phase plates used to generate the helical phase ei`φ
associated with OAM. Harwitt gave an expression for the scaling of the photon AM Jz
accumulated due to propagation through plasma discontinuities as a function of frequency (ω):
Jz ∝
ω2p
ω
(3.8)
ωp is the plasma frequency. Two potential sources of radiation were identified, luminous point
sources and stellar masers. Assuming a cosmic ray induced ionization fraction of only 10−6
(fraction of ionized to neutral species), Harwitt estimated a delay of one wavelength (2pi phase
shift of the wavefront) for 20 cm radiation over a distance of 1012 cm which is feasible considering
that masers develop at distances of 1016 − 1017 cm out from an evolved star. Gray et al.
calculated that OAM generation in masers is possible, even when the initial maser radiation
possesses no OAM, due to the interaction between the maser radiation and molecules in a
non-uniform magnetic field [26]. Furthermore, it is shown that this OAM generation is maximised
when the component of the electric field parallel to the direction of propagation is oriented
perpendicular to the non-uniform magnetic field, and when the molecules possess a large Zeeman
splitting (e.g. OH masers). These conditions require a non-uniform magnetic field, and hence
could feasibly be realized in the vicinity of proto-planetary nebulae in which polarised maser
emission has been detected [27]. Under these optimal conditions, nearly 100% of the maser
radiation can be converted to a non-zero OAM.
Tamburini developed this idea and looked at the interaction between photons propagating in a
plasma vortex with a small static helical perturbation to the electron number density:
n = n0 + n˜(r, x) cos (`0φ+ q0z) [28]. Light propagating through this plasma results in power being
transferred symmetrically from the initial OAM state `0 to the adjacent states `±1, as the photons
exchange momentum with the electrons in the plasma.
The propagation of light at visible wavelengths, through inhomogeneous media has been
thoroughly explored in the context of communications by laboratory experiments using coherent
sources [29–34] in which the free space bit rate and transmission distance of a communication link
sending OAM modes are highly sensitive to turbulence. These experiments conclude that the
presence of turbulence results in “cross-talk” or “leakage” of power from an OAM mode to adjacent
modes in OAM space, resulting in a modification of the OAM spectrum of light. This can occur
even with no net change in angular momentum of the field, and as such can occur in the absence
of phase discontinuities. These results are described in Chapter 5.
As an astronomical source of photon OAM, Sanchez and Oesch have recently shown that
turbulence in the interstellar medium (ISM) is capable of modifying the distribution of OAM
modes for light from incoherent sources. These findings are interesting, as while we are able in
theory to correct for a change in measured OAM signal from an astronomical source due to our
terrestrial atmosphere, it would be much more difficult to account for any changes arising from the
turbulence in the ISM. One method of accounting for this turbulence would be to combine the
refractive mode sorter implemented by Sponselli et al. with a spectrometer. By comparing the
angular momentum Lz as a function of wavelength, any contributions due to the ISM could be
36 Chapter 3: Photon orbital angular momentum in Astronomy
accounted for according to Eq. 3.8. Alternatively, this mechanism might be exploited by
astronomers in order to infer properties of the ISM by measuring the OAM spectrum of a point
source.
Of the two astrophysical mechanisms proposed by Harwitt, the second is the most dramatic, in
which orbital angular momentum is imparted to light in the vicinity of a rotating black hole due
to the warping of space-time [35]. Close to a rotating Kerr black hole (KBH), the Lens-Thirring
effect results in very interesting phenomena. Specifically, the frame dragging induced by the KBH
twists the nearby null geodesics, resulting in each geodesic accumulating a geometric Berry
phase [36]. To an observer measuring light from the vicinity of a KBH, this relativistic effect
manifests as a spatially varying phase (see Fig. 3.7). This phase can be expressed as an infinite
series of different OAM eigenstates (i.e. an OAM spectrum).
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Figure 3.7: Relativistic phase shifts of null geodesics in the vicinity of 100x100 Schwarzschild radii
(Rs) of KBH with a) a = 0.99 and b) a = 0.5, both normalized to the phase shifts imparted by a
quasi-static black hole (a=0.01). The normalized OAM spectra associated with the phase profiles
in a) and b) are given in c) and d) respectively. Figure adapted from [35].
Recently a paper was published in which the relativistic generation of photon OAM around a
KBH was numerically simulated [35] for black holes of different angular momentum densities and
masses. The simulation assumed that there was spatially coherent emission from an extended
region around the accretion disc of the KBH. The most interesting result from this study was that
the rate of rotation of the KBH can strongly influence the shape of the OAM spectrum of light.
From detailed simulations by Tamburini et al., a “quasi-extremal” KBH with angular momentum
per unit mass a = 0.99 could have nearly 90% of photons imparted with a non-zero OAM. On the
other end of the scale, a KBH with a more modest angular momentum per unit mass a = 0.5 had
nearly 100% of the the light possessing zero OAM, however there is an asymmetry present in the
OAM spectrum, presumably arising from the handedness of the rotation of the KBH.
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Thus by measuring the OAM spectrum of light emitted in the vicinity of a super massive KBH, it
may be possible to put constraints on the angular momentum density by comparison with models.
Measurement of the OAM spectrum from the accretion disc of a KBH would require significant
modeling as the authors of [35] noted that the OAM spectrum measured will vary as a function of
not only the angular momentum per unit mass of the KBH, but also the orientation of the axis of
rotation of the KBH to the plane of the observer [37], as well as the emissivity profile of the
sources within the KBH.
One interesting result from [35] is that the OAM spectrum arises from a geometric effect associated
with the null geodesics around the black hole, and hence is a wavelength independent process.
This gives observers a potential way of discriminating between OAM imparted to a wavefront due
to relativistic frame dragging by a KBH, and other processes such as the modification of the OAM
spectrum of light due to propagation through the ISM. The OAM spectrum arising from the KBH
would be constant with wavelength, while the OAM spectrum imposed by the ISM would scale
with wavelength as described above. In order to measure the wavelength dependence of the OAM
spectrum of light, an OAM detector such as the refractive mode sorter described in this thesis in
Chapter 4 as well as those used in [5], could be coupled to a wavelength dispersing element to
separate the OAM spectrum into different wavelengths at the detector. To date however, there
have been no proposals of experiments, attempting to measure black holes using the OAM of light.
There is debate however, around the feasibility of performing an experiment to measure the OAM
due to a rotating KBH. While Tamburini et al. described the mechanism for the generation of
photon OAM, there are two current questions regarding the experimental challenges of detecting
this process. The first is described by Yang and Casals [37] and amounts to whether the effect
would be strong enough to be detected under realistic conditions.
Yang and Casals calculate the effect on the OAM spectrum of twisting of null geodesics by a Kerr
black hole for radio waves. Rather than assuming extended spatially coherent emission from the
accretion disc of the KBH, they model the resulting OAM spectrum of light emitted by a single
point source in the vicinity of the KBH. The results that they find confirm that the wavefront
twisting effect due to rotation breaks the symmetry of the system, resulting in an asymmetry in
the OAM spectrum of the light. Upon calculating the scale of the asymmetry, they obtained a
telling result, with a telescope array the size of the radius of the Earth (6× 103 km) observing
Sagittarius A∗, the difference between the weights of the OAM modes ` = 1 and ` = −1 is only on
the order of 10−14. The weights of the OAM modes themselves can be on the order of 0.6, so while
it is definitely feasible to directly measure the OAM response of light due to propagation around a
KBH, attempting to distinguish the effect of the black hole from other OAM modifying processes
via an asymmetry in the OAM spectrum will be nearly impossible. Perhaps a more fitting
technique would be to try and exploit the wavelength independent nature of the process to
discriminate OAM imposed by a KBH as above.
The second question regards the availability of coherent sources in the vicinity of a KBH. The
original paper assumed coherent emission from the accretion disc of a KBH, however another
possible source of light is a point source in the vicinity of the KBH along the line of sight of the
observers on earth could illuminate the KBH [37]. The crux of the question is the following: how
will the OAM spectrum of light change for temporally and spatially incoherent sources? This
question is relevant to all astronomical measurements of optical OAM, and for this reason we
dedicate the proceeding subsection to a brief discussion.
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More recently, it has been suggested that an initial intense pulse carrying some OAM could
undergo non-linear wave mixing due to non-linear QED effects. At very intense electric fields
(E = 1016 V/cm), three-wave mixing type effects can occur resulting in a transfer of energy and
momentum between an intense coherent pump field, and an incoherent photon “gas”. The third
“wave” is photon noise fluctuations. The high photon gas energy densities required for observation
of the non-linear interaction are expected to be present in the vicinity of astrophysical objects
such as pulsars and magnetars, while the authors propose that γ ray bursts could provide the
necessary intensity pump field [38]. Of course, the applicability of OAM measurements to this
phenomenon will depend heavily on whether the initial γ ray bursts possess some interesting
orbital angular momentum.
3.2.3 Coherence and measurement
Light from astronomical sources is spatially and temporally incoherent, with a few exceptions,
thus a lot of our intuition about optical OAM which we develop in the laboratory is not strictly
valid. Recalling the theoretical treatment of OAM in Chapter 2, the OAM of light in the paraxial
regime is intimately related to the spatial gradients of the electric field and thus, the temporal
incoherence can be ignored with respect to optical OAM. This means however, that spatial
incoherence must necessarily have an effect on the OAM of light.
This problem was specifically highlighted by Hetharia et al. [39] who were able to show in a
laboratory experiment that the measured OAM spectrum of light, modified by some OAM
sensitive element, depends on the coherence of the source, as well as the distance of the OAM
sensitive element from the observer. This has very obvious ramifications for using OAM in
observational astronomy. Consider Fig. 3.8 a), an incoherent source which is illuminating some
object from behind, along the line of sight of an observer. Due to the distance between the source
and the OAM generator, the light from the source has increased in spatial coherence due to the
van Cittert-Zernike theorem. The wavefront interacts with the OAM generator and is imparted
with some OAM, the amount by which the OAM spectrum of the light at this point will change
will depend on the spatial coherence of the wavefronts. When the source is sufficiently distant
from the OAM generator, the wavefronts will be essentially plane waves and we are free to use the
intuition obtained from laboratory OAM experiments with spatially coherent lasers.
Now let us consider another possible case, in Fig. 3.8 b), the source is now close enough to the
photon OAM generator such that the wavefronts of the source which interact with the photon
OAM generator are no longer spatially coherent plane waves. Upon propagation to the observer
the wavefronts can gain additional coherence due to the van-Cittert Zernike theorem, however the
photon OAM imparted to the wavefront will now be different from the photon OAM measured by
the observer in a). In the second scenario b), the distance from the black hole to the observer will
also change the photon OAM spectrum of the wavefront. From the results of Hetharia et al. [39],
we will be much more likely to measure the effect of a photon OAM generating/modifying
mechanism if the light at the photon OAM generator is coherent i.e. the scenario setup in Fig. 3.8
a). Thus we are given a specific set of conditions to satisfy if we are interested in observing the
OAM signature of an astronomical object, if it is not luminescent, there must be a star at a
sufficient distance behind it that the wavefronts at the object can be approximated by spatially
coherent plane waves, and an appreciable difference in the OAM of the light can be measured at
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Figure 3.8: a) Light from an initially incoherent source becomes more coherent upon propagation
as per the van Cittert-Zernike theorem. This coherent light then interacts with some mechanism,
modifying the OAM spectrum and deforming the wavefronts. b) Light from a spatially incoherent
source interacts with some mechanism, modifying the OAM spectrum and deforming the wavefronts.
At the observer,the wavefronts have increased in coherence due to propagation. The final OAM
spectra (and corresponding wavefront deformations) measured by the observer in a) and b) are
different.
Now, let us assume that there is a system for which the above set of conditions is satisfied i.e.
there is some spatially incoherent source far enough away from some optical OAM imparting
object that the wavefronts arriving at the object of interest are essentially plane waves. We are
now left with one more obstacle to the measurement of interstellar optical OAM. The field having
been imparted with some local OAM density can now be described by a spectrum of OAM modes
as in Chapter 2. Each of these higher order OAM modes has associated with it a dark core
surrounded by a ring of light, however as each of these OAM modes propagates to a detector on
Earth, the dark core expands. Over astronomical distances, this implies that any detector on
Earth will essentially lie in the “shadow” of any higher order OAM mode generated a significant
distance away. An equivalent restatement of this problem can be given by describing the
distribution of light at the OAM generator as an expansion of plane waves carrying higher order
k-vectors. This is equivalent to stating that the light at the OAM generator is composed of a
series of OAM modes. As each plane wave propagates at a slight angle defined by its k-vector, at a
detector placed at infinity, each plane wave with a non-zero k-vector will have diverged. This
results in the light emitted by the OAM generator being imaged as a point source (within the
resolution of the detector). This problem is associated with the measurement of OAM from all the
mechanisms described in this chapter. One way to avoid this would be to analyze the light
emitted by an extended object. The fact that the object is not resolved as a point source implies
that the light carries higher order k-vectors (and equivalently non-zero OAM modes). Thus the
OAM modes associated with a small region of an extended object should still be measurable by an
observer, even after divergence.
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3.3 Conclusion
In this Chapter, we attempt to frame this thesis in the context of the current state of optical
OAM in astronomy. We began with the application of optical OAM to astronomical
instrumentation including the well known phase mask coronagraph. The subject then moved to
the current state of optical OAM measurements in observational astronomy where the first
experimental works measuring the OAM of stars by Sanchez and Sponselli were discussed. The
final section of this Chapter described the current motivations for the incorporation of optical
OAM measurements into observational astronomy. Given the overall context of OAM
measurements, we conclude this Chapter and foreshadow upcoming Chapters by describing the
contributions of this thesis to the field of OAM in observational astronomy.
The major aim of this thesis is to build on the works described in Section 3.2 and realize the
measurement of the OAM of light as an accepted technique in astronomy. In this Chapter we have
seen that this field is still in its infancy and that there are problems which need to be overcome if
the OAM analysis of light is to be accepted by the astronomical community. In my mind, these
problems are essentially two:
• How can we properly measure the OAM of light from astronomical objects?
• What information can we specifically obtain by measuring the OAM of light?
As is evident from this Chapter, these questions have been at least partially answered. The
pioneering works of Sponselli et al. and Sanchez et al. provided the first measurements of optical
OAM. While incomplete, they highlighted specific technical issues which must be overcome: how
to measure the OAM of light in a way which is theoretically sound, and how to overcome the
effects of the atmosphere. Particularly, Sponselli identified a promising method of detecting the
OAM of light by measuring the OAM decomposition of the input light.
The drive to refine the measurement of optical OAM of astronomical sources is continued in this
thesis. We begin by investigating the correction of atmospheric turbulence which has previously
been neglected in studies by Sponselli and Sanchez. Subsequently in Chapter 6, we construct an
instrument based on the OAM detector used by Sponselli and perform measurements of the Sun,
while attempting to take into account atmospheric turbulence.
In regards to the second point, Harwitt, Tamburini and others mentioned in Section 3.2.2
described astronomical sources capable of generating OAM in light, such as rotating black holes
and inhomogeneities in the interstellar medium. Until now these astronomical OAM sources
provided the motivation for pursuing the measurement of optical OAM in astronomy, however
measurements of these objects have limited appeal. The detection of light in the direct vicinity of
super massive rotating black holes would not only be difficult due to SNR issues (the black hole
would have to be illuminated by some other source) but the analysis of the data is not straight
forward, significant work would be required to construct models with which to compare against
actual data. The measurement of astrophysical turbulence while much easier, is hampered by the
fact that there is no clear method for extracting any information out of the measured OAM
spectrum and any attempt to measure how the optical OAM spectrum has been modified will
encounter the problem of the divergence of higher order OAM modes due to propagation over
astronomical distances. Both of these problems are shared by all the current proposed OAM
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generation mechanisms. The solar measurements of Chapter 6 attempt to account for this
problem by observing only a small region of an extended object.
In Chapter 7 of this thesis we identify a new application of photon OAM in astronomy which is
much less exotic than the mechanisms described in this chapter. Instead of directly measuring the
OAM of light imparted by some astrophysical process, we instead perform a decomposition of the
light measured at the detector plane into OAM modes. This tells us nothing of any physical
processes which modify the OAM density of the field. The main advantage is that OAM modes
are a more natural basis in which to describe rotations and an analysis involving OAM modes
provides information which cannot be obtained using conventional techniques. Furthermore we
can describe an instrument which can be built with current technology to perform a measurement,
and the method which we outline to extract the information from the measurement is well known.
In Chapter 4 we outline the various techniques with which researchers analyze the OAM of light
and identify the method most suitable for use in astronomy, which is unsurprisingly, also the
method of choice in this thesis.
42 Chapter 3: Photon orbital angular momentum in Astronomy
Bibliography
1. Boccaletti, A. et al. Prototyping coronagraphs for exoplanet characterization with SPHERE
in SPIE Astronomical Telescopes+ Instrumentation (2008), 70151B–70151B.
2. Uribe-Patarroyo, N., Alvarez-Herrero, A. & Belenguer, T. A comprehensive approach to deal
with instrumental optical aberrations effects in high-accuracy photon’s orbital angular
momentum spectrum measurements. Optics Express 18, 21111–21120 (2010).
3. Elias, N. Photon orbital angular momentum and torque metrics for single telescopes and
interferometers. Astronomy & Astrophysics 541, A101 (2012).
4. Neo, R. et al. Correcting vortex splitting in higher order vortex beams. Optics Express 22,
9920–9931 (2014).
5. Sponselli, A. & Lavery, M. Preliminary Study of Orbital Angular Momentum Spectrum
Detection for Celestial Light in Propagation Through and Characterization of Distributed
Volume Turbulence (2013), PTu3F–6.
6. Sanchez, D., Oesch, D. & Reynolds, O. The creation of photonic orbital angular momentum
in electromagnetic waves propagating through turbulence. Astronomy & Astrophysics 556,
A130 (2013).
7. Lyot, B. The study of the solar corona and prominences without eclipses (George Darwin
Lecture, 1939). Monthly Notices of the Royal Astronomical Society 99, 580 (1939).
8. Swartzlander, G. et al. Astronomical demonstration of an optical vortex coronagraph. Optics
Express 16, 10200–10207 (2008).
9. Swartzlander, G. The optical vortex coronagraph. Journal of Optics A: Pure and Applied
Optics 11, 094022 (2009).
10. Barbieri, C. et al. Light’s orbital angular momentum and optical vortices for astronomical
coronagraphy from ground and space telescopes. Earth, Moon, and Planets 105, 283–288
(2009).
11. Mawet, D., Riaud, P., Absil, O. & Surdej, J. Annular groove phase mask coronagraph. The
Astrophysical Journal 633, 1191 (2005).
12. Lee, J., Foo, G., Johnson, E. & Jr, G. S. Experimental verification of an optical vortex
coronagraph. Physical review letters 97, 053901 (2006).
13. Anzolin, G., Tamburini, F., Bianchini, A., Umbriaco, G. & Barbieri, C. Optical vortices with
starlight. Astronomy & Astrophysics 488, 1159–1165 (2008).
14. Mawet, D. et al. Taking the vector vortex coronagraph to the next level for ground-and
space-based exoplanet imaging instruments: review of technology developments in the USA,
Japan, and Europe in SPIE Optical Engineering+ Applications (2011), 815108–815108.
15. Mari, E. et al. Sub-Rayleigh optical vortex coronagraphy. Optics Express 20, 2445–2451
(2012).
43
44 BIBLIOGRAPHY
16. Swartzlander, G. Peering into darkness with a vortex spatial filter. Optics Letters 26,
497–499 (2001).
17. Tamburini, F., Anzolin, G., Umbriaco, G., Bianchini, A. & Barbieri, C. Overcoming the
Rayleigh criterion limit with optical vortices. Physical review letters 97, 163903 (2006).
18. Treviño, J., López-Cruz, O. & Chávez-Cerda, S. Segmented vortex telescope and its tolerance
to diffraction effects and primary aberrations. Optical Engineering 52, 081605–081605 (2013).
19. Elias II, N. Photon orbital angular momentum in astronomy. Astronomy & Astrophysics
492, 883–922 (2008).
20. Baars, J., Lucas, R., Mangum, J. & Lopez-Perez, J. Near-field radio holography of large
reflector antennas. IEEE Antennas and Propagation Magazine 49, 24–41 (2007).
21. Fried, D. Adaptive optics wave function reconstruction and phase unwrapping when branch
points are present. Optics Communications 200, 43–72 (2001).
22. Berry, M. Paraxial beams of spinning light in International conference on singular optics
(1998), 6–11.
23. Oesch, D. et al. Creation of photonic orbital angular momentum by distributed volume
turbulence. Optics Express 21, 5440–5455 (2013).
24. Sponselli, A. Study of the propagation and detection of the orbital angular momentum of light
for astrophysical applications PhD thesis (Department of Physics and Astronomy, University
of Padova, 2013).
25. Harwit, M. Photon orbital angular momentum in astrophysics. The Astrophysical Journal
597, 1266 (2003).
26. Gray, M., Pisano, G., Maccalli, S. & Schemmel, P. Amplification of OAM radiation by
astrophysical masers. Monthly Notices of the Royal Astronomical Society 445, 4480–4506
(2014).
27. Chapman, J. & Baan, W. A review of maser polarization and magnetic fields. arXiv preprint
arXiv:0705.0885 (2007).
28. Tamburini, F., Sponselli, A., Thidé, B. & Mendonça, J. Photon orbital angular momentum
and mass in a plasma vortex. EPL (Europhysics Letters) 90, 45001 (2010).
29. Malik, M. et al. Influence of atmospheric turbulence on optical communications using orbital
angular momentum for encoding. Optics Express 20, 13195–13200 (2012).
30. Ren, Y. et al. Atmospheric turbulence effects on the performance of a free space optical link
employing orbital angular momentum multiplexing. Optics letters 38, 4062–4065 (2013).
31. Rodenburg, B. et al. Simulating thick atmospheric turbulence in the lab with application to
orbital angular momentum communication. New Journal of Physics 16, 033020 (2014).
32. Ren, Y. et al. Adaptive optics compensation of multiple orbital angular momentum beams
propagating through emulated atmospheric turbulence. Optics letters 39, 2845–2848 (2014).
33. Ren, Y. et al. Adaptive-optics-based simultaneous pre-and post-turbulence compensation of
multiple orbital-angular-momentum beams in a bidirectional free-space optical link. Optica
1, 376–382 (2014).
34. Ren, Y. et al. Turbulence compensation of an orbital angular momentum and
polarization-multiplexed link using a data-carrying beacon on a separate wavelength. Optics
letters 40, 2249–2252 (2015).
35. Tamburini, F., Thidé, B., Molina-Terriza, G. & Anzolin, G. Twisting of light around rotating
black holes. Nature Physics 7, 195–197 (2011).
36. Feng, L. & Lee, W. Gravitomagnetism and the Berry phase of photon in an rotating
gravitational field. International Journal of Modern Physics D 10, 961–969 (2001).
BIBLIOGRAPHY 45
37. Yang, H. & Casals, M. Wavefront twisting by rotating black holes: Orbital angular
momentum generation and phase coherent detection. Physical Review D 90, 023014 (2014).
38. Wang, Y., Shukla, P. & Eliasson, B. Quantum-electrodynamical parametric instability in the
incoherent photon gas. Physical Review E 87, 023105 (2013).
39. Hetharia, D., van Exter, M. & Löﬄer, W. Spatial coherence and the orbital angular
momentum of light in astronomy. Physical Review A 90, 063801 (2014).
46 BIBLIOGRAPHY
4Measuring the OAM of light
Theoretical progress has significantly outpaced experimental work in exploiting the OAM of light
for observational astronomy. This progress was stalled by the lack of appropriate methods for
measuring of the OAM of light. It was not until very recently in 2010 that a technique suitable for
astronomical measurements of the OAM of light was developed. Previously, the measurement
techniques were suitable only as laboratory demonstrations developed by researchers working in
quantum physics and free-space communications and suffered from low efficiencies and were only
capable of measuring a small number of OAM modes simultaneously, resulting in a small OAM
“bandwidth”. For the rest of this section, where reference is made to an “OAM bandwidth”, the
bandwidth refers to the range of OAM modes that a device is able to simultaneously detect,
rather than the width of the frequency spectrum.
We know from previous chapters that an optical mode with a spatial distribution A`(r)ei`φ has a
well defined z component of OAM `~ per photon. Thus perhaps the most natural way to measure
the Lz component of an arbitrary electromagnetic field is to find the decomposition of the light
into these helical modes as in Eq. 2.53. Measuring the amount of light in each angular harmonic
ei`φ generally boils down to measuring the change in the angular phase shift of light, and while
this can be measured directly at radio frequencies [1–3], at infrared frequencies and higher, due to
the frequency of oscillation of the electric field, measurement of the phase of light is no longer
trivial. A number of novel solutions to this problem have been proposed and implemented for the
determination of the OAM of light and in this chapter, we provide an overview of the most
well-known OAM detection methods. Particularly, we describe the measurement technique most
suitable for astronomy and discuss the proof of principle, and details of the physical application.
We conclude with a brief discussion of integrated OAM detectors and their overlap with existing
astrophotonic technologies.
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4.1 OAM detection methods
4.1.1 Interferometry
One of the first methods proposed to measure the OAM of light was to combine an interferometer
with a Dove prism [4]. This technique distinguishes different OAM phases by rotating a pair of
Dove prisms relative to one another. A Dove prism is a refractive optical element that inverts the
input beam around the plane of the Dove prism (Fig. 4.1). One consequence of this is that
rotating the Dove prism around the optical axis will result in a rotation of the output beam (and
equivalently a rotation of the inverted input beam). If the input to the Dove prism is a beam
which possesses a phase ei`θ, a rotation of the Dove prism in θ by α radians results in a change in
phase: ei`(θ+α), which is a function of the OAM number `. By putting a Dove prism in each arm
of a Mach-Zehnder interferometer, and choosing the relative angle of rotation α between them,
one can create a phase difference ∆φ = `α between modes of different `. For example, choosing
α = pi, even values of ` entering the beam splitter will acquire a relative phase difference of
∆φ = 0 between both arms of the interferometer, while odd values of ` will acquire a phase
difference ∆φ = pi among bother arms. This results in constructive interference between even
OAM values, and destructive interference between odd OAM values at one port of the beam
splitter, and vice versa at the complimentary port of the beam splitter. Experimentally, a pair of
Dove prisms must be used, each rotated at ±α2 with respect to one another, rather than a single
Dove prism rotated at ±α. This is done in order to match the optical path length between the two
arms of the interferometer. A single interferometer setup separates even valued ` from odd valued
`, and uniquely distinguishes between ` = 0 and ` = 1. By cascading multiple copies of this
Mach-Zehnder interferometer Dove prism scheme such that the output from each stage feeds in as
the input to the next interferometer stage, one can distinguish between additional OAM modes. In
fact the number of ` that can be uniquely separated, or the “OAM bandwidth” of the device (∆`)
is given by ∆` = 2N , where N is the number of interferometer stages used. This technique is
F
F
Input Output
Figure 4.1: The input to the Dove prism is refracted at the first air-prism interface. At the second
interface the beam is totally internally reflected. Refraction at the final interface results in an output
beam with the same angle of propagation as the input beam. The output beam is inverted around
the plane of the Dove prism.
theoretically 100% efficient, and operates at the single photon level, however there is a subtlety to
this statement. Each Dove prism-interferometer stage is capable of separating even values of `
from odd valued `, as well as even values of ` from one another by setting the rotation angle α
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Figure 4.2: Figure taken from [4]. A single Dove prism Mach-Zehnder interferometer stage. Each
Dove prism is rotated by an angle α/2 with respect to one another, such that the phase difference
between both arms is ei`(φ+α) for an input beam possessing a well defined orbital angular momentum.
States with even values of ` are sorted to output port A1, while odd values of ` are sorted to port
B1.
such that “adjacent” values of ` acquire 0 and pi radians of phase alternately. This corresponds to
a total phase difference between arms of the interferometer: ±α = pi
2N
. It turns out that there is
no angle α where this is possible for odd valued `. In order to sort these values of OAM, a
hologram is placed before the input to each odd ` interferometer to increment the OAM value of
the odd ` inputs by one to convert odd ` to even values which can be sorted as described above.
This process results in reduced efficiency, as the instrument must rely on the efficiency of thin-film
holograms, which are also wavelength dependent due to the diffractive nature of the hologram.
One possible way to improve the efficiency of these devices would be to replace the diffractive
OAM holograms with refractive optical elements with the same phase ramp. These elements can
be fabricated to operate over a large wavelength range [5]. Most significantly however, is the
number of interferometer stages which need to be stabilized to measure the OAM spectrum of a
source is very large, and the entire instrument rapidly increases in complexity with each additional
mode measured (scales as 2N cascaded interferometers, and hence misalignment errors presumably
scale quickly). For the measurement of OAM in astronomy, a compact and efficient device is
required in order to be mounted on a telescope and to detect faint low magnitude objects.
In the previous paragraph, we specifically mentioned that for measuring the OAM composition of
light from astronomical objects, a high OAM bandwidth is required, however for other
instrumental applications, this is not necessarily required. A recent paper has proposed
incorporating the Dove-prism interferometer into a vortex coronagraph [6]. In this application, the
Dove-prism interferometer is employed as a filter. The starlight is sent into the same Dove-prism
interferometer described above, with the exception that the vector vortex coronagraph (q-plate
phase mask) setup (see Chap. 3) is inserted into both arms (Fig. 4.3).
Such a device would work in the following way. Light from a pair of binary stars enters the
interferometer and passes through the Dove prisms. In each arm of the interferometer, the light
from the primary target is centered on the phase mask, being imparted with a well-defined
OAM (` must be even). The off-axis target will have a non-integer amount of OAM imparted to
it. At the final output ports of the interferometer, the differential phase shift between both arms
due to the Dove prisms in each arm results in destructive interference between the light from the
primary target with ` = 2 and constructive interference between the light from the off-axis target
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with a non-integer amount of OAM. Thus by selecting either output port from the beam splitter,
the light solely from the off-axis target, or the light from the primary target can be accessed. Thus
the Dove prism interferometer acts as a filter between between the ` = 0 and ` = 2 OAM states.
Figure 4.3: Figure taken from [6]. BS = beam splitter, AGPM/VVC = Annular groove phase
mask/vector vortex coronagraph, M = mirror. The pair of Dove prisms at 0◦ are included to match
the path length in the second arm. The setup for the Dove-prism interferometer is similar to Fig. 4.2
with the addition of a pair of focusing and collimating lenses as well as a AGPM/VVC in each arm.
4.1.2 Mode projector
One of the most common methods of measuring the orbital angular momentum of light is using
holographic mode projection which relies on projecting the input source onto a single OAM state
which is then detected. The weighting of a particular OAM mode `′ is measured by interacting the
electromagnetic field with what is known as a “forked” phase hologram, which is a combination of
a diffraction grating and a spiral phase plate. The phase profile of such a hologram is typically:
φ(x¯) = k¯ · x¯− `′θ (4.1)
θ is the azimuthal coordinate in cylindrical coordinates and `′ is the charge or “winding number” of
the spiral phase plate. The first term in the equation describes a diffraction grating which is used
to disperse the light into separate diffraction orders. x¯ = (x, y) are the transverse coordinates,
k¯ = (kx, ky) are the transverse wavevectors which determine the angle of the diffraction orders of
the diffraction grating. The second term looks like an orbital angular momentum phase with an
OAM number `′ and is used to select out light which possesses OAM ` = −`′. Originally, phase
filters containing only the second `′θ term in Eq. 4.1 were generated [7], not for the analysis of
optical OAM, but rather as part of a matched filter system for optical recognition [8, 9].
Consider a source of light interacting with the forked hologram as in Fig. 4.4. The non-interacting
zeroth diffraction order passes straight through the hologram. The light which is diffracted into
the first diffraction order will pick up an additional phase ei`′θ. The electric field of the source
(E(r))can be decomposed into a series of modes with an angular phase dependency ei`θ (such as
the Laguerre-Gauss modes from Chap. 2):
E(r) =
∞∑
`=−∞
A`(ρ, z)e
i`θ (4.2)
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The weighting of each component of the electric field is given by A`(ρ, z′), where r = (ρ, φ, z).
From Eq. 4.2, we can see that the additional spiral phase due to the forked hologram selects the
` = −`′ component of the source and flattens the wavefront, removing the OAM associated with
that component. The light from this diffraction order is then coupled by a lens to a single mode
fibre (SMF). Since the fundamental mode supported by a single mode fibre is approximately
Gaussian, this will have the greatest overlap with the ` = −`′ component of the source. The
combination of the SMF-coupled hologram acts as a filter for light with OAM −`′ defined by the
hologram. The full OAM decomposition of the source can be recovered by measuring the
projection of the source E(r) onto multiple holograms of different `′. One question which readers
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Figure 4.4: Figure adapted from [10]. A source of single photons interacts with a hologram con-
taining a vortex of charge `2. The inset is an image of a hologram generated from Eq. 4.1. The
“fork” dislocation at the center of the hologram is associated with the central null of beams carrying
a single well defined value of OAM. The first diffraction order from the hologram containing the
“phase flattened” output is then coupled into single-mode fibres using a lens and analyzed with a
detector (not shown).
might ask is the necessity of the diffraction grating term in the forked hologram as it is the spiral
phase plate term which selects the OAM state of interest (` = `′). Experimentally, phase
holograms do not exhibit 100% efficiency, there will always be some fraction of the light which
does not acquire any phase upon interacting with the phase hologram. The diffraction grating
term is used to separate this non-interacting component of the light (sent to the zeroth diffraction
order) from the light which does interact with the hologram (light sent to the non-zeroth
diffraction orders).
The use of a forked hologram as a device capable of altering the OAM of light was originally
demonstrated by Soskin [11] in the form of an amplitude hologram, rather than a phase hologram.
These holograms generally had very low efficiencies on the order of 5% [12, 13]. This low efficiency
was a direct result of writing the hologram as an amplitude modulating Fresnel zone plate. This
was a crude approximation to the phase hologram described by Eq. 4.1, and actually consisted of
a superposition of diffraction orders of both the diffraction grating component and the spiral OAM
component. Over the two decades since, the technique has been extended to sinusoidal thin-film
and computer generated phase only holograms, and efficiencies an order of magnitude higher have
been achieved using optimized spatial light modulators (SLMs) for different diffraction
gratings [14–16]. Even using more basic SLMs, by various optimizations of the phase transfer
functions very high efficiencies have been achieved (30%)[17].
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An early implementation of holograms for the detection of the OAM light is described in [10] as
part of an experiment to demonstrate entanglement between single photons in the OAM degree of
freedom. Since then, this method has been been applied in countless OAM experiments for
quantum physics [18–21], and communications [22–24]. This technique has also been adopted from
free-space optical measurements to plasmonic devices [25].
This method suffers from similar limitations to the Dove prism interferometer mode sorter. When
scaling the measurement of simultaneous OAM modes, the complexity of the device increases very
quickly as alignment of an additional hologram and SMF are required for each OAM mode
measured. In addition, this method requires the input to the hologram to be approximately a
plane wave. While, this is not problematic within a controlled laboratory setting, when applied to
observational astronomy, the starlight obtained from a telescope for an extended object will result
in a very low coupling efficiency to the SMF due to the higher order radial wavevectors contained
within the image. Additional inefficiencies are encountered when considering that upon interacting
light with a hologram of charge `′, any light with an OAM of ` 6= `′ is rejected by the SMF and
lost. This loss channel in particular can be overcome however by the use of “Damann gratings”.
There have been implementations of OAM detectors in which OAM holograms of differing ` values
are combined into a single “Dammann” vortex grating [26–28]. While conventional linear
diffraction gratings disperse different diffraction orders along a single dimension with different
weightings, Dammann gratings were originally designed to disperse different diffraction orders into
an array [29], with each diffraction order carrying an identical weighting. When combined with
the phase of an optical vortex, the “Dammann” vortex gratings will generate an array of optical
vortices from −m` to +m`, where ` is the charge of the vortex hologram, and m is the maximum
diffraction order of the Dammann grating. Thus for an input which possess an OAM of `′ = 2 for
example, the second diffraction order of the Dammann vortex grating will be converted to a
Gaussian beam. Example outputs from a Dammann vortex grating (charge of vortex hologram set
to ` = 1), are given in Fig. 4.5 for input beams of OAM index `′ = 0,+2,+7, and− 12. These are
Figure 4.5: Figure adapted from [27]. Output from a Dammann vortex grating, for an input beam
with OAM `′ = a) 0, b) +2, c) +7 and d) -12.
also potential candidates for OAM detection as they can detect a large range of OAM modes over
` = ±24 [30]. Unfortunately, for detection each OAM mode will be required to be coupled to a
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separate single mode fibre. Thus this setup will suffer from additional losses due to the coupling,
as well as additional complexity and stability requirements.
The OAM mode projectors are also routinely reversed and used to generate OAM states in the
laboratory. Instead of the light entering the mode projector from the left hand side of Fig. 4.4, the
light from a laser source (e.g. a laser diode) is coupled into the SMF from the RHS (replacing the
detector). The light is then coupled out of the SMF before interacting with the forked hologram,
generating a beam carrying a well defined OAM at the output.
4.1.3 Integrated OAM detectors and their applications in astrophotonics
While the majority of OAM detection schemes have been constructed from bulk optics, there have
also been recent efforts to develop methods to detect the OAM of photons in an integrated
photonic chip. These papers have been motivated by the recent development of various on-chip
OAM sources (star couplers [31], micro-ring resonators [32], silicon antenna arrays [33], whispering
gallery mode ring resonators [32]). These methods have the advantage of a very small size on the
order of millimetres, combined with the possibility of integration into a monolithic chip-based
platform. Unfortunately these devices have inherently low efficiency due to the in- and
out-coupling of light to the photonic chips.
These miniaturized detectors are generally plasmonic/photonic analogues of the holographic mode
projection techniques described above [25, 31]. OAM detection has been demonstrated in 2D [31,
34] and 3D [35] silicon photonic integrated circuits (PICs). These devices rely on a Cartesian to
log-polar image remapping (see Fig. 4.15) to separate OAM modes and are integrated analogues of
the refractive OAM modesorter devices described in the final section of this chapter. At the input
to the devices, a series of single-mode apertures are arranged such that they azimuthally sample an
input mode as described in Fig. 4.6. Each of these azimuthally spaced apertures are mapped to a
linear array of apertures via phase-matched waveguides. The light is then coupled from the linear
array of waveguides to a free propagation region (known as a “star coupler”) in which different
OAM modes are separated to different output waveguides depending on their phase tilts. This free
propagation region acts essentially as a lens. A total OAM bandwidth of ∆` = 15 has been
achieved, while the average cross-talk between adjacent OAM modes was measured to be -17 dB.
The entire footprint of these devices is generally a total of 10-15 mm long, while the total input
apertures have diameters ranging from 25-200 µm and the free propagation region is on the order
of 137µm long. Consequently, these devices are orders of magnitude smaller than their bulk optics
counter parts, however the associated transmission losses also increase substantially due to the
finite sampling of the wavefront, and the coupling between fibre and PIC (between 20-30 dB).
These photonic OAM modesorters are the most viable technology for integrated OAM detection at
the time of writing, due to their low cross-talk, and their compatibility with current photonic
chip-based technology. There are already extremely sophisticated, photonic chip based
technologies which have been developed and field-tested in the new field of Astrophotonics [36]
which include Dragonfly (an integrated pupil remapping interferometer) [37], and an integrated
photonic spectrograph (IPS) [38, 39]. These two instruments individually demonstrate
components of the core technology which enables the photonic OAM mode sorter. Dragonfly
performs interferometry using a single telescope by sampling different parts of the telescope
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Circular grating coupler
Star coupler
Figure 4.6: Image reproduced from [35]. Schematic of silicon photonic image reformatter consisting
of circular grating coupler and free-propagation region (star coupler).
aperture. The output from each of these fibres is then interfered. Dragonfly implements an
efficient circular to linear pupil remapping by combining a microlens array (sampling the telescope
aperture) with three dimensional photonic waveguides which guide the light from a circular ring
aperture, to a linear array (which are subsequently interfered using a focusing lens). A conceptual
diagram of the instrument is given in Fig. 4.7.
Figure 4.7: Image of the Dragonfly instrument reproduced from [37]. PRC = pupil remapping chip,
MLA1/2 = microlens array. The inset is the laboratory implementation. Segments of the telescope
pupil in MLA1 (orange) have been mapped to a line on MLA2 (orange).
Arrayed waveguide gratings (AWG) were originally used in communications for multiplexing
wavelength channels [40–42]. The IPS is the first instrument which has applied these devices to
astronomical applications in an integrated format, in order to spatially separate transverse
momenta using photonic gratings. The IPS aims to spectrally disperse light over a certain
coordinate. The waveguide array of the AWG chip acts as a diffraction grating, with an array of
waveguides with, the optical path length of each waveguide increasing as a function of the
dispersing coordinate (see Fig. 4.8). By comparison with the photonic OAM sorter proposed
4.1. OAM DETECTION METHODS 55
in [35], the AWG chip is clearly a spectrally dispersing analogue of the star-coupler used to
disperse OAM modes, and it is very comforting that the IPS has already demonstrated the
feasibility of this photonic design in a successful on-sky trial, measuring the H-band (1460-1820
nm) spectrum of a variable star [39].
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Figure 4.8: Image reproduced from [39]. AWG = arrayed waveguide grating. The AWG chip
acts as a photonic diffraction grating. The waveguide array on the AWG chip creates an optical
path difference across the waveguides. The output free propagation zone allows for constructive
interference between waveguides, separating different wavelengths of light. The output is sent for
further diffraction in IRIS2.
There are also several exotic integrated OAM detectors based on plasmonic and photonic
structures. A detector based on a ring resonator has been fabricated in a silicon PIC [43]. A
schematic of the device taken from [43] is given in Fig. 4.9. The ring resonator combined with an
angular grating supports different OAM modes corresponding to different resonances. An input
beam normally incident to the ring at the resonance wavelength will excite an OAM resonance
mode, only when the spatial modes are matched. A waveguide running tangential to the ring
out-couples the light in the resonator for measurement. For applications to astronomy, the major
problem is that only one OAM mode per wavelength is accessible, although there is work being
done to try and tune these WGM resonances by fabrication in different media (GeSe). Plasmonic
Figure 4.9: Image reproduced from [43]. The angular grating couples azimuthally polarised light
propagating along z into the circular resonator. The excited resonances of the resonator are out-
coupled into the access waveguide.
structures known as “circular plasmonic lenses” have been used to measure the OAM of light [44].
Sub-wavelength slots are made in a thin gold film (see Fig. 4.10). Some fraction of the light
incident onto this plasmonic structure excites surface plasmon polaritons (SPPs). These fields
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decay evanescently into free-space away from the metal film. The remainder of the light is
transmitted through the slots and undergoes interference with the evanescent surface field
associated with the SPPs. By analyzing how the interference pattern changes, the OAM number `
of the input mode can be calculated, however this will not work for an astronomical application in
which the number of OAM modes will be very large. There has been significant progress in
Figure 4.10: Image reproduced from [45]. a) Principle of operation of the OAM sorting plasmonic
lens. b) SEM image of fabricated plasmonic ring structure.
research into integrated OAM detection using plasmonic nano-slits [45, 46]. Gold-film
semi-circular nano-slits have been shown to couple input OAM and SAM modes to SPPs which
are subsequently focused to different spatial positions over sub-wavelength distances (≈ 120 nm).
This strong confinement allows for a potentially large OAM bandwidth, however the small spatial
separations produce significant cross-talk (-5 dB) between adjacent OAM modes. These devices
use nanoslits which generate OAM by the topological Pancharatnam-Berry phase [47, 48].
Another technology uses a similar plasmonic structure, sets of semi-circular nano-ring grooves set
in a polarisation sensitive orientation [46]. These devices are improvements on the semi-circular
nano-ring grooves in that they distinguish between different SAM states and have far greater
modal selectivity. The nano-ring grooves convert SAM to OAM and couple input light into surface
plasmon polaritons (SPPs). The SPPs are imparted with the total AM of the input field, and then
are coupled to a pair of nano-ring arrays (one for each SAM). The resonances of the nano-ring
array are matched to the AM SPP eigenmodes (which act as a filter), resulting in low
cross-talk (-10 to -20 dB) between OAM modes. The total footprint of the AM sorting structure is
68× 68 µm. The OAM bandwidth of these plasmonic devices are set by the resonances of the final
nano-ring array, and currently there have only been demonstrations of devices capable of
distinguishing 3 distinct angular momentum states, however if the number of resonances of the
out-coupling nano-ring arrays can be increased, in addition to the efficiencies (currently
transmission efficiency is -40 dB), these devices could potentially be used in integrated OAM
applications for astronomy.
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4.2 Refractive OAM mode sorters
At the time of writing there are a large number of methods which have been proposed for the
detection of optical OAM. These have been driven mainly by the need for measurement in the
fields of quantum physics, and OAM state demultiplexing in optical communications. As such
each method has associated advantages and disadvantages, however for an astronomical
instrument we impose two restrictions on our optimal OAM detection method:
1. Low loss - To obtain as high signal-to-noise ratio as possible (observe faint objects)
2. Broad OAM bandwidth
In the end, both points are motivated by the desire to be as efficient as possible with the photons
that we obtain. An efficient detection scheme yields a higher SNR, allowing an observer to
measure fainter objects. A broader “OAM bandwidth” refers to the number of OAM modes that
can be measured simultaneously and by maximising the OAM bandwidth, we maximize the
amount of potential information obtained with each photon. For example, the cascaded dove
prism interferometers and mode projectors described earlier in the chapter have a very narrow
OAM bandwidth, due to the rapidly increasing complexity of the measurement system with the
detection of each additional OAM mode. If we were limited to only measuring ` = 1 and 0 using a
single dove-prism interferometer stage, any photons with OAM outside of this range would be
wasted. Given these constraints the refractive OAM mode sorter, first proposed by Berkhout et al.
[49] was selected as the most suitable.
There have been multiple realizations of these devices, in the original paper the phase masks were
written into holographic films [50] and used to perform efficient optical correlation functions [51,
52]. It was only in 2010 that it was realized that the same coordinate transformation phase masks
could be combined with a final lens to separate OAM states in the focal plane of the lens [49]. In
this seminal paper, the phase masks were applied as diffractive optical elements implemented on
SLMs. In subsequent papers, refractive phase masks with much higher efficiencies were fabricated
from PMMA [53, 54]. Very recently there has been refractive mode sorters in which the
Pancharatnam-Berry phase shift generates the required phase masks [55]. These devices have a
different response to circular polarisation states, discriminating between the OAM spectra of right
and left circularly polarised light, and are capable of measuring the full angular momentum of an
input state.
In the following section, we will outline the principle of operation of the refractive OAM
modesorter which is common to all of these devices. The following discussion on fabrication will
be with reference to the specific implementation in refractive phase masks, as these are the types
relevant to the experiments contained within this thesis.
4.2.1 Principle of operation
The principle of operation for the refractive OAM mode sorter (MS) is that an input beam is
mapped from Cartesian coordinates (x, y) to log-polar coordinates (u, v). We define the new
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log-polar coordinates below:
u = −a ln
(√
x2 + y2
b
)
(4.3)
= −a (ln (r)− ln (b)) (4.4)
v = a arctan
(y
x
)
(4.5)
The parameter a is related to the width to which the the azimuthal coordinate θ is mapped by the
following equation: a = d2pi . d is the range over which the angular coordinate is mapped from 0 to
2pi (mm). b describes the offset (mm) from the origin at which the coordinate transformation is
completed. With this transformation, the angular coordinate (−pi, pi) in the input plane is mapped
to a line of length d mm (−d2 , d2), the radial coordinate technically is not mapped to a well-defined
region, as the origin (r = 0) in the input plane is mapped to u = −∞ in the output plane, thus an
input with a non-infinite radius (e.g. a circular top hat function) will be mapped to an infinite
output. In the (u, v) plane, the power drops to zero as u approaches −∞.
Since the OAM of light is characterized by the angularly varying phase (ei`θ), at the output the
OAM phase has been converted into a phase as a function of a transverse direction (ei
2pi`v
d ). A lens
then focuses each transverse momentum to a different point (∆x`) at the back focal plane,
∆x` =
`λf
d .
Any optical field can be decomposed into an infinite series of spatial modes with a phase
dependence ei`φ. Thus in the (u, v) plane of the coordinate transformation, the OAM
decomposition of an arbitrary paraxial field has been transformed into a transverse plane wave
decomposition, and each of these transverse plane waves can be simultaneously separated using a
lens. Thus given an input which is a superposition of modes of light carrying different values of
OAM, the mode sorter will disperse light carrying different values of OAM to different angles,
similarly to a prism or diffraction grating dispersing light of different wavelengths.
The Cartesian to log-polar coordinate transformation can be performed all-optically using
refractive elements. For this reason, the OAM MS is very efficient and has been been
demonstrated on single photons [53].
At this point, one may ask why a pure polar coordinate transformation was not implemented,
instead of the log-polar transformation. In order to perform an optical coordinate transformation
using a single Fourier transform, the chosen coordinate transformation must be conformal [56].
For a given coordinate transformation from (x1, y1)→ (x2, y2):
x2 = u(x1, y1) (4.6)
y2 = v(x1, y1) (4.7)
The resulting Jacobian is given by:
J(x, y) =
(ux uy
vx vy
)
For a coordinate transformation to be conformal, the determinant of the Jacobian |det(J(x, y))|
must be non-zero. The determinant of the Jacobian for a pure polar to Cartesian transformation
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is y, and hence zero at y = 0. Calculating the determinant of the Jacobian for the log-polar
transformation in Eq. 4.5 gives |uxvy − vxuy| = 1, confirming that the transformation is always
conformal.
4.2.2 Implementation
In practice, the coordinate transformation is performed by a pair of phase masks. If given access
to a beam of light at its real and Fourier planes, it is possible to perform a coordinate
transformation with phase-only modulation of the field [50, 56].
The two dimensional phase profiles required to achieve the afocal (input and outputs of the
transformation are collimated) coordinate transformation of Eq. 4.5 are given in [49]:
ψ1(x, y) =
2pia
fλ
[
y arctan
(y
x
)
− x ln
(√
x2 + y2
b
)
+ x− 1
a
(
1
2
(x2 + y2)
)]
, (4.8)
ψ2(u, v) = −2piab
fλ
[
exp (−u
a
) cos
(v
a
)
− 1
ab
(
1
2
(u2 + v2)
)]
, (4.9)
The coordinates (u, v) refer to the output coordinates from the transformation given by Eqs. 4.6
and 4.7. a and b are as described previously in Eq. 4.5. λ is the design wavelength at which the
phase masks perform the coordinate transformation. The optical elements also incorporate a lens
which is required to access both the Fourier and conjugate planes of the input. The final term in
Eqs. 4.8 describes the spherical lens phase. f is the focal length of the lens as well as the
separation of the two phase masks ψ1 and ψ2. The first phase plate ψ1 performs the coordinate
x
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y
v
f
(R,φ1) (uR,v1)
(uR,v1+aΔφ)(R,φ1+Δφ)
Figure 4.11: An input circle of rays (red dotted line) in the (x, y) plane is transformed into a straight
line of rays (red dotted line) in the (u, v) plane. MS 1 applies different deflections to each part of
the circle so that adjacent rays in the initial circle are deflected to adjacent positions in the final
line (coloured crosses are adjacent in (x, y) and (u, v)).
transformation described in Eqs. 4.5. The second phase plate ψ2 collimates the output from ψ1.
Fig. 4.11 describes physically how the phase masks ψ1 and ψ2 perform the optical coordinate
transformation using a ray optics interpretation. Beginning with a single infinitely thin ring in the
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(x, y) plane (red dotted ring in Fig. 4.11), phase mask ψ1 unwraps the ring to a line in the (u, v)
plane. The modesorter axis (black dotted line) defines the point on the ring (φ1) at which the
unwrapping begins. The phase mask ψ1 applies a deflection to the field at (R,φ1) such that in the
Fourier plane of the input a distance f away, the ray of light will be mapped to the point (uR, v1).
The phase mask applies a slightly different deflection to every ray such that rays originating from
each adjacent part of the ring (uR, φ1 + ∆φ) are deflected to an adjacent point (u, v1 + ∆φ), in the
(u, v) plane. The spatially varying deflections given by ψ1 transform the initial circle of rays in the
(x, y) plane into a line of rays in the (u, v) plane. Note that while the initial rays in (x, y) were
collimated, the output deflected rays are no longer collimated. ψ2 performs the reverse deflections
as ψ1 in order to collimate the rays in the (u, v) plane.
4.2.3 Mode sorter design considerations
The coordinate transformation of our device used the following parameters: a = 82pi mm,
b = 4.77 mm. These were chosen to maximize the aperture size of the mode sorting elements
within the constraints of the fabrication process. Physically, the two refractive phase masks were
outsourced to a third-party, Powerphotonic, where the phase masks were fabricated from fused
silica using a patented laser micromachining technique. The fabrication process imposed a
maximum surface height of 200 µm on the height of the elements, constraining the total aperture
size of the first element MS 1 (refractive implementation of ψ1) to 8× 8 mm, with a focal length of
f = 300 mm. The maximum aperture size of the second element MS 2 (refractive implementation
of ψ2) was 6 mm× 8 mm. The final pair of optical elements used for this thesis are visualized in
Fig. 4.12. For both instruments outlined in following chapters, one of the largest contributions to
Element 1 Element 2
8 mm8 mm
8 mm6 mm
122.57 μm
187.56 μm
Figure 4.12: Left: first optical element MS 1 comprising the modesorter. It performs the Carte-
sian (x, y) to log-polar (log(r), φ) transformation and sends the transformation to the Fourier plane.
Right: second optical element MS 2 of the OAM modesorter. It collimates the output from the first
element.
the size of the total instrument (modesorter, imaging optics, detectors etc.), is the separation
distance between the two optical elements of the modesorter. Improvements in the fabrication
process are necessary to allow larger surface heights to be fabricated. This would enable much
more compact OAM mode sorters to be fabricated with reduced separation between elements MS
1 and MS 2. Alternatively, larger surface heights would allow for OAM mode sorter elements with
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larger apertures. Both of these improvements are associated with an increase in the OAM
bandwidth of the modesorter elements [49, 57]. In Fig. 4.13, we plot the total surface height of
MS 1 and MS 2 required for a specific integrated lens of focal length (f). The parameters for MS 1
and MS 2 are given in the caption, we note that we have chosen only an input aperture of
6× 8 mm for MS 2. This is to strike a reasonable compromise between total surface height and
input aperture area. We can see from Fig. 4.13 that the required maximum surface height, or sag,
of the fabrication process must increase exponentially with a decrease in the focal length between
MS 1 and MS 2. The main difficulty associated with fabrication of the mode-sorter elements are
the sharp edges and discontinuities where the phase changes rapidly (see Fig. 4.12 Modesorter
Element 1). Even when these features can be fabricated, the resolution to which the edges can be
fabricated will constrain the “quality” of the transformation. Fabricating these phase masks as
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Figure 4.13: Change in required total surface height of MS 1 (blue) and MS 2 (green) with changing
required separation of the two elements. The parameters used are: λ = 532 nm, b = 4.77 mm,
d = 8 mm, MS 1 aperture = 8× 8 mm, MS 2 aperture = 6× 8 mm.
refractive elements out of fused silica, as opposed to implementing them as a diffractive element
has an additional advantage. Using the full unwrapped phase profile implies that the wavelength
dependence of the phase masks arises only from the wavelength dispersion of the medium, while a
phase-wrapped implementation relies on diffraction and interference, and hence will scale inversely
with wavelength. Fig. 4.14 gives the change in refractive index as a function of wavelength for
fused silica (blue). The refractive index of PMMA (red) is included as a comparison. The
wavelength dependent refractive index in turn implies a wavelength dependence in the effective
focal length (f) of the integrated lens in the mode sorter elements. Fig. 4.14 b) gives the required
separation between modesorter elements as a function of wavelength for fused silica, and PMMA.
4.2.4 Performance
Fig. 4.15 gives a comparison of the OAM modesorter element transformation implemented a) on a
SLM, and b) using refractive optical elements. Figs. 4.15 a) and b) were obtained by imaging the
62 Chapter 4: Measuring the OAM of light
Wavelength (
R
ef
ra
ct
iv
e 
in
de
x
Fused Silica
PMMA
Wavelength (
f ef
f (
m
m
)
Fused Silica
PMMA
a) b)
400
nm) nm)
500 600 700 800 900 1000 1100 400 500 600 700 800 900 1000 1100
294
296
298
300
302
304
306
308
1.44
1.45
1.46
1.47
1.48
1.49
1.5
1.51
1.52
Figure 4.14: a) Refractive index of fused silica (blue) and PMMA (red) as a function of wavelength,
and the corresponding change in effective focal length (feff and hence separation of the modesorter
elements b).
output from the modesorter transformation elements in the near-field. Note that the widths and
heights of the transformed beam in the (u, v) plane are not identical in both images a) and b), as
the modesorter design parameters were slightly different between the SLM and the fabricated
refractive elements. In particular, we chose d = 5 mm in a) and d = 8 mm in b), which in turn
define the output widths of the transformation. The scale in images a) and b) are identical
(1 pixel = 6.45 µm). c) and d) are simulations of the modesorter elements in transmission with
d = 5 mm and d = 8 mm respectively for a Gaussian beam with an input radius of 0.5 mm and 3
mm respectively. We first note that the major difference between a) and b) is that the beam
transformation performed by the refractive elements is much less “clean” than the transformation
implemented by the SLM. The structure present in b) appears as a regular lattice of light and
dark lines and we hypothesize that this is a byproduct of the fabrication process of the elements.
In [58], there is an image of the near-field output of a beam shaping mask also fabricated by
Powerphotonic using a laser micromachining method. A similar light and dark structure in the
near-field intensity profile is also visible and is attributed to “residual machining ripples”
associated with the fabrication process.
When incorporated into the OAM mode sorter, it is the far-field intensity profile of the output of
these optical elements which is actually measured, as it is in this plane that different OAM modes
are separated. In the far-field, the surface-roughness of the fused-silica refractive optical elements
are not visible, and instead the phase-noise associated with this roughness manifests as a
broadening of a measured OAM spectrum, similar to the effect of a turbulent atmosphere on an
OAM beam.
Ignoring the difference in scale between the optical transformations applied by SLM and refractive
optics (Figs. 4.15 a) and b) respectively), both transformed beams feature prominent light and
dark fringes which run across the transformed beam profile. These fringes appear in both
experiment (a,b) and simulation (c,d). In the SLM implementation and the corresponding
simulation, the fringes are very clearly separated, however in b) and d) the interference fringes are
less well-defined. This difference arises from the size of the beam incident at the entrance plane of
the modesorter. In a) and c), the beam width at the entrance to the mode sorter is only 0.5 mm
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Figure 4.15: Near-field image of collimated output of a Gaussian beam from the modesorter imple-
mented with a) SLMs and b) refractive elements. The widths and heights of the collimated output
are given in green. u and v are the coordinates defined by the transformation in Eq. 4.5. c) and d)
are numerical simulations of a) and b) respectively.
compared to the 3 mm initial beam width in b) and d). As a result, in the transformed (u, v)
plane, the power is mostly concentrated at smaller u (and hence smaller radii), thus the
interference fringes at the lower values of u are easier to observe. If one looks carefully at b) and
d), it is apparent that the deep, well defined interference fringes are still present at small values of
u, these fringes are just more difficult to observe as the initial beam width is larger, and hence
there is less power at the small values of u. As u increases (up the page in Fig. 4.15), the
interference fringes appear to bunch closer together, into an apparent continuum. As u is related
to the radius in the initial plane by the transformation u = a(ln r − ln b), one explanation is that
these interference fringes arise from light originating from different radii in the input plane, and
since this varies logarithmically, the fringes bunch closer in u as r increases.
It is doubtful whether these fringes arise from the finite resolution of the phase masks which
generate this transformation. Changing the resolution of the simulation in Matlab does not affect
the number of fringes observed across the transformed beam in the (u, v) plane. One possible
explanation is that these fringes arise from the failure of the stationary phase approximation
applied during the calculation of the hologram for the optical coordinate transformation [50]
arising from the coordinate singularity at r = 0.
The major problem associated with the use of the refractive OAM modesorters is that these
devices suffer from cross-talk between adjacent OAM modes. This arises because the ideal single
OAM mode point spread function of the refractive MS is a sinc function (along the OAM `
coordinate) and the point spread functions of beams with adjacent OAM overlap at the detector.
This overlap is approximately 27% [54], however there has been an effort to reduce this cross-talk
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Figure 4.16: a) Original output from the modesorter in (u, v) plane. b) Output from the modesorter,
concatenated with 2 coherent copies. This new output is 3 times as wide as a) in the θ axis. The
resulting sinc functions for the original and copied outputs are described in c) and d) respectively.
by implementing an additional diffractive element which creates several coherent copies of the
output from the modesorter in the (u, v) plane [54, 59]. These copies are lined up next to each
other to produce a larger version of the original output from the modesorter, which retains the
original phase gradients. The resulting Fourier transform of the modified output separates beams
differing in OAM by ∆` = ±1 by the same amount as the original output from the modesorter,
however the width of the point spread functions in the focal plane are smaller. Fig. 4.16 illustrates
this concept.
The phase masks required to achieve this add additional complexity and losses, however in future
work this method could be applied by writing the required phase masks into a second set of
refractive optical elements to be placed after the modesorter. In a recent paper, these additional
optical elements were combined with the original coordinate transformation elements ψ1 and ψ2
into a pair of two new phase masks implemented on SLMs. Whether these phase masks are well
behaved enough to be fabricated as refractive elements will be of interest to future researchers in
this field.
4.2.5 Additional applications
These refractive OAM MS elements are both relatively compact (limited by the fabrication
process), require minimal alignment, and are extremely efficient at separating light with different
OAM. They are of course very well suited to OAM experiments, however the nature of the
Cartesian to log-polar transformation can be exploited for different applications than the act of
measuring OAM. In this section we briefly describe a novel method that we have devised, which
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Figure 4.17: a) Two circles of radius r1(blue) and Mr1(dashed green) in the (x, y) plane are trans-
formed to b) two lines in the (u, v) plane. The two lines are now separated by ∆u = ln(Ma ).
implements a continuous zoom based on the optical log-polar transform. While traditional optical
systems require a significant amount of complexity in order to perform a continuous zoom [60], the
advantage to the proposed system is that only a single moving element is required to magnify the
input.
The underlying property which is exploited is the radial scale invariance of the Cartesian to
log-polar transform described above: (x, y)→ (u, v) where u = −a ln(r/b) and v = a tan−1(y/x)).
A scaling of the radius in the (x, y) plane results only in a translation along the u-axis in the (u, v)
plane. To understand this consider the following scenario: If one were to perform the log-polar
transformation on an infinitely thin circle of light of radius r1, the output would be an infinitely
thin line of length a at position −a ln(r1) + a ln(b) in the (u, v) plane of the transformation.
Scaling the input radius by a factor M would result in an identical line in the (u, v) plane, however
offset by ∆u = a ln(M) (see Fig. 4.17). By symmetry, if one were to reverse the transformation,
starting in the (u, v) plane with a beam of light of infinitely thin width in u, and length a along
the v axis, at position u1 = ln( r1a ) in the (u, v) plane, after the reverse transformation the input is
mapped to a circle of light of radius r1 in the (x, y) plane. Upon shifting the initial input in the
(u, v) plane from (u1, v) to (u1 + ∆u, v), the output in the (x, y) plane will now correspond to a
circle of radius Mr1. The factor M by which the radius in the (x, y) plane increases with a shift
(∆u) in the (u, v) is defined as the conformal magnification, M = e−
∆u
a :
u1 + ∆u = −a ln(r1/b) + ∆u (4.10)
= −a ln(r1) + a ln(b)− a ln(M) (4.11)
To demonstrate the continuous optical zoom in the lab, the setup in Fig. 4.18 was constructed
using modesorter elements MS 1 and MS 2. The setup transforms the initial input to the log-polar
plane (x, y)→ (u, v) with the MS optical elements, and mechanically shifts the resulting output
(u, v)→ (u+ ∆u, v) using the mechanism directly to the right of MS 2 in Fig. 4.18. The
polarising beam splitter (PBS) reflects the polarised beam to the mirror mounted on a
translational stage. The beam passes through a half wave plate, rotating to the opposite
polarisation which is transmitted through the PBS. By back reflecting the transformed beam
through the same pair of optical elements MS 1 and MS 2 we obtain the reverse transformation
(u, v)→ (x, y) using a single set of modesorter elements. ∆u is changed by shifting the position of
the mirror mounted on the translational stage.
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Figure 4.18: Diagram of experimental conformal microscope. HWP = half-wave plate, BS = beam
splitter, PBS = polarising beam splitter, MS 1 = mode sorter element 1, MS 2 = mode sorter
element 2, CCD = CCD camera.
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Figure 4.19: Magnified images from the conformal microscope at different ∆u for an initial ` =
2,LG(0, 2) beam. All images have been spatially filtered to aid visual analysis.
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Given an input LG(0,2) mode, Fig. 4.19 summarizes the magnified output for different offset
values of ∆u. Speckles in Fig. 4.19 are possibly due to phase noise associated with fluctuations in
the thickness profile of the refractive elements, the dark slice present in all output images is a
consequence of the phase discontinuity in the first MS element where the first atan term in Eq. 4.8
abruptly changes. Improvements to the precision and resolution of the fabrication process should
reduce the presence of both of these artifacts.
In the next chapter, the refractive OAM modesorter is used to analyze the effectiveness of
adaptive optics on the correction of atmospheric turbulence.
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5Correction of OAM in turbulence
The OAM of light is already being used in several different contexts in physics including spatial
mode multiplexing for telecommunications [1, 2], optical spanners [3, 4], and quantum optics [5,
6], however one problem which is detrimental, particularly for free-space experiments [1, 2, 7, 8] is
the instability of OAM modes to turbulence. Any paraxial optical field can be decomposed into a
superposition of helical modes whose spatial profile is expressed as A`(r)ei`φ with integer
azimuthal index ` and possessing orbital angular momentum (OAM) equal to `~ per photon. The
trademark of these modes is a twisted wavefront where the optical phase wraps around the center
of the mode from 0 to 2pi` radians, with ` being an integer defining the OAM content of the mode.
Any angular asymmetries of the wavefront will correspondingly change the distribution of OAM
modes. Hence for measurements concerning the OAM of photons, management of wavefront
aberrations are of key importance.
Previous works describe how a turbulent atmosphere imparts OAM to an optical field, changing
the local density of OAM, in both simulation and experiment [9, 10]. The result is that for an
optical field in an initially well defined OAM state, turbulence will essentially “broaden” or
“smear” the OAM spectrum. This effect can be alleviated using adaptive optics systems to
compensate for the random fluctuations of the atmosphere. Indeed, in astronomy the use of
adaptive optics (AO) in large telescopes is quite advanced and has allowed the possibility of
obtaining good quality images of distant astronomical objects [11]. The question that remains is
what are the limitations of adaptive optics systems to improve the signal to noise ratio in a
particular OAM mode propagating through the atmosphere (given some turbulence strength and
wind velocity). This question was considered in the context of OAM channels for free space
communication [12], and it was demonstrated that adaptive optics will improve the channel
capacity of OAM based free-space communications. However this was only investigated for a
single turbulence strength and without mention of the modal power recovered by AO. Further
experiments considering low to moderate turbulence strengths up to D/r0 = 10, have been
performed in the context of OAM for free-space communications [13–15]. The quantity D/r0 is a
measure of the severity of the turbulence for a given detector aperture size D. r0 is known as the
“Fried parameter” and is a measure of the strength of the turbulence. It is defined as the diameter
of a circular aperture over which the root-mean-square (RMS) variation in a wavefront is 1 radian
of phase [16]. These free-space OAM studies were investigated for optical communications and are
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unfortunately not directly applicable to astronomical measurements of optical OAM for the
following reason. In astronomy, resolution and signal-to-noise ratio are both linked to the diameter
of the collecting aperture, hence the diameter of telescopes are generally much larger than the
diameter of the receivers used in free-space communications links. For the same turbulent
atmosphere (r0), the value of D/r0 experienced by the telescope is much greater. Thus at the time
of writing, the effectiveness and limits of adaptive optics on compensation of OAM modes in
realistic turbulence for astronomy is still an open question.
In this chapter we attempt to provide an answer by conducting an initial bench top experiment to
study the performance of an AO system to compensate for the propagation of OAM modes
through the atmosphere. As our main interest lies in measurements relevant to the astronomical
community, our experiments simulate up to D/r0 = 32 at λ = 635 nm, which would be the
equivalent of typical 1.1” seeing over a 3.9 m telescope aperture.
5.1 Background
5.1.1 Propagation of OAM modes through Kolmogorov turbulence
Time dependent density inhomogeneities in the atmosphere manifest as refractive index changes
resulting in a “warping” of a flat wavefront which propagates through the atmosphere. One model
which is commonly used to describe the effects of the atmosphere on the propagation of light is
known as the Kolmogorov theory of turbulence. The Kolmogorov theory of turbulence assumes
that turbulence begins at a large “outer” scale of turbulence. Air currents at this length scale
generate eddies which transfer energy to a smaller length scale. These eddies in turn transfer
energy to ever smaller length scales until the energy is dissipated at some smallest “inner” scale of
turbulence.
Commonly, the atmospheric turbulence is approximated as a single layer which introduces a
spatially varying phase shift. Naturally, one would expect that the effect of atmospheric
turbulence would be expressed in terms of a correlation function C(r1, r2) describing how the
atmosphere changes the phase between two separate points (r1 and r2) in a wavefront:
C(r1, r2) = 〈e−i[φ(r1)−φ(r2)]〉 (5.1)
= e−
1
2
〈[φ(r1)−φ(r2)]2〉 (5.2)
Where 〈· · · 〉 denote the ensemble average, and the term 〈[φ(r1)− φ(r2)]2〉 is what is defined as the
structure function of the turbulence. In the second line of Eq. 5.2, we have assumed that the
sum (or equivalently average) of the randomized phase is normally distributed and we rewrite the
correlation function in terms of an ensemble average of the phase. It can be shown that in the
presence of isotropic turbulence, the structure function can be simplified and expressed as the
difference between two points (r1) and (r2) [17]:
〈[φ(r1)− φ(r2)]2〉 = 6.88
∣∣r1 − r2
r0
∣∣5/3 (5.3)
The length scale over which two points will be correlated due to Kolmogorov atmospheric
turbulence is given by the parameter r0 which was introduced earlier in the chapter as the Fried
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Figure 5.1: a) For small aperture telescopes for which D ≈ r0, the number of turbulent cells of
constant phase which fits across the aperture is low. b) For larger aperture telescopes, many regions
of the atmosphere of size r0 simultaneously pass across the aperture, resulting in aberrations of
detected wavefronts.
parameter. The relationship between r0 and D is described briefly in Fig. 5.1. The effect of
Kolmogorov atmospheric turbulence on the phase of a plane wave is very well known and is
usually characterized in terms of Zernike polynomials [17–19]. The lowest order polynomials
correspond to piston (flat wavefront) and tip-tilt (linear phase ramps) phase aberrations. These
polynomials are useful for describing the effect of the atmosphere on the imaging properties of the
system, however they are less useful for describing how the OAM of a field changes.
The effect of Kolmogorov turbulence on a mode with a single OAM index of ` has been thoroughly
investigated, initially out of interest for free-space communications links [9, 10, 12]. For a pure
OAM mode of OAM index ` (i.e. all other coefficients in the series expansion are zero) it can be
theoretically shown that the effect of a normally distributed, randomly varying spatial phase is
that power is transferred from the initial OAM mode ` to adjacent modes `−∆ [20]. Inserting
Eq. 5.3 into Eq. 5.2, expanding in terms of cylindrical OAM functions and finally integrating over
the detector aperture gives the total expected fraction of power 〈s∆〉 transferred to modes of
adjacent OAM index `+ ∆ given a detector (or telescope) of diameter D, and a Fried parameter
of r0.
〈s∆〉 = 1
pi
∫ 1
0
dρρ
∫ 2pi
0
dφe−3.44(D/r0)
5/3(ρ sinφ/2)5/3 cos ∆φ (5.4)
The Fried parameter, r0, is the characteristic length scale over which the turbulence warps the
wavefront. Technically it is defined as the radius over which the average change in phase of the
wavefront is 1 radian. “Stronger” turbulence will be characterized by smaller values of r0. ρ is the
radial coordinate normalized to D and φ is the azimuthal angle in polar coordinates. We notice
from Eq. 5.4 that the power transferred to other OAM modes due to turbulence depends only on
the ratio of the telescope diameter to the Fried parameter Dr0 . We plot 〈s∆〉 as a function of Dr0 on
a log-log scale in Fig. 5.2 for the transfer of power to OAM modes separated from the initial mode
by ∆ = 0, 1, and 2. From Fig. 5.2, it is clear that as D/r0 increases, the power in adjacent modes
increases, while the power in the initial OAM mode decreases, until at approximately D/r0 = 10
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Figure 5.2: 〈s0〉 as a function of D/r0 assuming Kolmogorov turbulence in the absence of AO
correction for ∆ = 0, 1 and 2 (blue, green and red respectively).
there is equal power in `, `+ 1 and `+ 2, implying that the power in our initial OAM mode has
been evenly distributed, and the initial information has been lost.
For astronomy, this problem of atmospheric turbulence is especially significant as any signal
detected must first propagate through the entire atmosphere of the earth, and thus the Fried
parameter r0 will be at very small scales. At the best observing sites on earth, r0 has been
measured to be approximately 17 cm [21, 22]. Even at these sites, any reasonably sized telescope
with a diameter larger than 1 m would find it impossible to measure any OAM signal from an
astronomical source. It is this “broadening” or cross-talk among OAM modes which is so
detrimental to the free-space detection of OAM modes which has motivated a lot of the research
into the correction of atmospheric turbulence in OAM modes which were mentioned at the
beginning of the chapter.
Atmospheric turbulence has been well known for quite some time, and there have been many
solutions developed in the field of astronomy. Of these, adaptive optics has yielded spectacular
results, allowing for the observation of stellar orbits which resulted in the confirmation of a super
massive blackhole at the heart of Sagittarius A∗ [23, 24].
5.1.2 Strehl Ratio
The standard metric for image quality in astronomy is a quantity known as the “Strehl ratio”. It is
a measure of the amount of power in a Gaussian point spread function (PSF), relative to the ideal
diffraction limited PSF of a point. The Marjorana approximation is very useful because it reduces
the expression for the Strehl ratio (S) to a function of one variable, the RMS wavefront error σ
which can be directly measured by a wavefront sensor (WFS) [25]:
S = e−σ
2
(5.5)
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In the presence of strong atmospheric turbulence (D/r0 is large), the RMS wavefront error of the
field across the aperture of the telescope increases, and hence the Strehl ratio is reduced.
5.1.3 Adaptive optics systems
In order to compensate for the corruption of a wavefront due to atmospheric turbulence,
professional telescopes employ adaptive optics (AO) systems. An AO system consists of a
deformable mirror (DM) and a WFS used in a feedback loop, the WFS estimates the spatially
varying phase of the incoming wavefront, and the DM attempts to correct and “flatten” this
wavefront. The WFS is an instrument which typically measures the phase gradients of an input
beam, and from these measurements, reconstructs the input wavefront. An example of this device
is a Shack-Hartmann WFS pictured in Fig. 5.3. The SH-WFS consists of a micro-lens array and a
detector placed at the focal plane of the array. A lens maps linear spatial phase gradients to
unique points in the focal plane. Thus a micro-lens array will measure the local linear phase
gradient at the position of each micro-lens, allowing for a measurement of the local phase
gradients. A DM is a thin, flexible mirror which is laid out across a series of actuators. By
Δφ
Δx
a)
b)
Figure 5.3: a) A single micro-lens maps different tilts (∆φ) of incoming rays to a different posi-
tion (∆x) at the focal plane of the lens. b) A micro-lens array converts the tilts measured locally
at each micro-lens into a set of displaced points in the focal plane.
“poking” the mirror surface with each actuator, the shape of the DM can be changed to match the
inverse of the wavefront measured using the WFS.
Together in an AO system, the wavefront sensor reconstructs the phase of the light entering the
telescope, and sends the appropriate commands to the DM to cancel out the detected phase
aberrations due to atmospheric turbulence. If the time taken for a single iteration of the AO
feedback is less than the time scale over which the turbulence changes, then the adaptive optics
system will actively compensate the atmospheric turbulence.
One of the traditional methods used in astronomy to compensate for the effects of the atmosphere
is to use a reference star close to the target for the wavefront sensing of the adaptive optics
78 Chapter 5: Correction of OAM in turbulence
system. In this way, the AO feedback loop will compensate the wavefront aberrations of the
reference star, resolving it to a diffraction-limited point. This method is called natural guide star
adaptive optics. On the other hand, more recently methods using a laser as an artificial guide star,
have been successfully implemented in large telescopes [26]. In both of these methods, it is
assumed that the light being analyzed by the wavefront sensor is essentially a flat plane wave, and
the phase measured by the WFS and corrected by the DM is due only to the phase aberrations
imposed by atmospheric turbulence.
For OAM measurements of astronomical objects, this assumption implies that any OAM modes of
light carried by the guide star (manifesting as spatially varying phases ei`φ) will be automatically
corrected for by the AO system, as the AO system assumes that these OAM phases are part of the
atmospheric turbulence. Thus it is clear that ‘natural guide star’ AO cannot be implemented
when performing OAM measurements, as the natural guide star may contain some OAM signal
which is subsequently removed by the AO system.
To circumvent this, ‘laser guide star’ (LGS) adaptive optics must be used, as the laser guide star
will have a pre-determined OAM content, which will allow us to calibrate the system. Ideally a
LGS will be generated from a beam with zero OAM content (a pure Gaussian beam) and will be
used to correctly compensate for the atmosphere. This method will also allow us to be sensitive to
any changes in the OAM spectrum of light due to propagation through turbulence in the
interstellar medium, as the light from a natural guide star closely situated to our target might also
propagate through the same interstellar medium and any AO corrected measurements would
remove this additional OAM.
5.2 Experimental Setup
In this experiment we mimic the effect of a LGS adaptive optics system by preparing a linearly
polarised OAM mode at 635 nm as our target and multiplex it with a Gaussian “guide star” laser
beam in the orthogonal polarisation.
A scheme of our experimental set-up can be found in Fig. 5.4. The OAM source is indicated by
the dashed red line box. It was prepared by spatially filtering the output of a 635 nm laser diode.
In this way, we cleaned the spatial mode of the laser, so that it contained a single OAM mode
with ` = 0. This output was split into two orthogonal polarisations with a Glan-laser polariser. A
half waveplate before the Glan-laser polariser provided control over the relative power in each
polarisation. One polarisation arm (“Reference Arm” in Fig. 5.4) was directly fed to the AO
system, serving as the simulated LGS. The other polarisation component (which we will refer to as
the signal), was spatially modulated with a thin-film phase hologram with which we could control
the OAM content of the beam [27]. The phase profile of the hologram is given in the inset of
Fig. 5.4. In order to test the performance of the system when using OAM modes, we decided to
use the mode which is most likely to be measured on astronomical systems: a mode with ` = 1.
After the ` = 0 plane waves, these modes are the next lowest order in the OAM series expansion of
the electric field (see Eq. 4.2):
E(r) =
∞∑
`=−∞
A`(ρ, z)e
i`θ (5.6)
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Figure 5.4: Schematic of experimental setup. HWP = Half waveplate, QWP = Quarter waveplate,
SH-WFS = Shack-Hartmann Wavefront Sensor. Red, green and blue dotted outlines separate OAM
source, AO system and OAM detector respectively.
The positioning of the hologram with respect to the input beam was critical to ensure a good
quality OAM mode. Small misalignments of the hologram in different experimental runs gave rise
to small differences in the OAM measurements.
A pair of lenses set up in a 2f telescope configuration with a magnification of 1 was used with a
pinhole to select the first diffraction order while maintaining the initial beam size. The output was
spatially combined with the reference beam using a 50:50 beam splitter. We note that there is no
advantage to using a 50:50 beam splitter to recombine the signal and reference beams in this
experiment, a polarising beam splitter (PBS) would theoretically be twice as efficient, however in
this experiment, a PBS was not available. To simulate the effect of different seeing conditions, the
reference and signal beam sizes just before the turbulence phase plate were expanded to various
diameters with respect to the r0 of the turbulent phase plate using a 2f telescope. The different
beam sizes, corresponding turbulence strengths (D/r0) and seeing-limited resolutions (R) are
given in Table 5.1.
Table 5.1: Beam diameters and corresponding D/r0 and seeing conditions investigated.
Diameter (mm) 3.7 7.9 9.3 13
D/r0 9.0 19.3 22.8 31.8
Seeing (R) 0.30" 0.65" 0.76" 1.1"
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5.2.1 Turbulence phase plate
The turbulence generator and adaptive optics system are surrounded by a dashed green line in
Fig. 5.4. A turbulent atmosphere was simulated in the laboratory using a phase screen with a
pseudo-randomly varying surface height. The phase screen was purchased from Lexitek, further
information on the fabrication process can be found in [28]. The resulting phase profile is similar to
a Kolmogorov power spectrum with a Fried parameter, r0 = 0.41 mm at 635 nm. The movement
of turbulent cells across the telescope aperture was simulated by driving the phase screen at the
following rotation rates: 0.56, 1.13, 3.38, and 5.08 m/s. In this experiment, to vary D/r0, the size
of the input beam (D) is varied. Thus, even though for each value of D/r0 in Table 5.1 we rotate
the turbulence plate at the same speed, the rate at which the turbulence cells shifts across the
beam is faster. This arises because at larger input beam sizes, the FWHM of the beam occupies a
larger radial position on the turbulence plate, which corresponds to a faster angular velocity.
To avoid sampling the same portion of the phase plate multiple times, when taking measurements
with the AO system actively compensating (feedback loop is closed, i.e. closed loop operation) or
inactive (feedback loop is open, i.e. open loop operation), images are only collected over a single
revolution of the phase plate. The corresponding windspeeds for each iteration of turbulence
strength are calculated across a 3.9 m aperture and are given in Table 5.2.
Table 5.2: Different simulated windspeeds for each D/r0 used in experiment.
D/r0 Seeing (”) Windspeeds (m/s)
9.0 0.30 1.82 3.65 10.95 16.42
19.3 0.65 0.85 1.71 5.13 7.69
22.8 0.76 0.72 1.45 4.34 3.11
31.8 1.1 0.52 1.04 3.11 4.66
Figure 5.5: Lexitek phase plate simulating Kolmogorov atmospheric turbulence with a length scale
r0=0.44 mm at 635 nm. The phase plate can be driven to simulate the effect of wind driven
atmospheric turbulence.
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5.2.2 Adaptive optics system
The adaptive optics system consisted of an ALPAO DM 97-15 97 actuator continuous face
deformable mirror (1.35 mm pitch) followed by a Shack-Hartmann wavefront sensor (SH-WFS).
The SH-WFS was constructed from a microlens array (150 µm pitch, f=6.7 mm) placed before an
ANDOR Zyla 5.5 sCMOS camera. After the turbulence plate, ‘Imaging optics 1’ re-sizes the
reference and signal beams to fully fill the aperture of the DM (13.5 mm). Following the DM, the
reference and signal beams are then sent to a 50:50 beam splitter. Lens 1 and Lens 2 are selected
so that the radiation reaching the the SH-WFS is collimated and de-magnified such that the
SH-WFS measures the turbulence at the conjugated pupil position. Polariser 1 selects the
Gaussian beam on the reference polarisation for analysis by the SH-WFS. By analyzing the
wavefront errors in the reference beam, any corrections imparted by the deformable mirror (DM)
to the reference Gaussian will also be applied to the OAM beam multiplexed onto the orthogonal
polarisation. The second output port from the beam splitter is collimated by Lens 1 and Lens 3,
before a second 50:50 beam splitter taps off part of the output from the DM, sending it to a
CMOS camera at the focus of a f1 = 150 mm lens, providing conventional focal plane images of
corrected OAM modes. The reference beam is removed using Polariser 2 and the remaining signal
sent to the OAM mode sorter for detection.
5.2.3 OAM mode sorter
The principle of operation of this device is discussed in Chapter 4. In summary, the device
consists of two elements, the first of which converts the OAM of light to a linear transverse
momentum. The second optical element collimates the output from the first element before a lens
angularly disperses each linear momentum to a unique position in the back focal plane of a
focusing lens. The two custom refractive optical elements were fabricated by Powerphotonic. A
1980× 1080 pixel Lumenera CCD camera is placed at the focus to record OAM spectra.
5.2.4 Calibration
First we calibrate the AO system. The turbulence phase plate is removed and the optics at the
source and before the DM are aligned to minimize the wavefront error of the reference beam. We
then construct the influence function of the AO system which is the change in phase of the
wavefront as each DM mirror segment is moved. Feedback between the wavefront sensor and the
DM is then turned on and if the AO system returns a total wavefront error of less than 0.02 µm
(0.03 wavelengths) then we judge that the our system has been sufficiently aligned. Otherwise the
DM is reset, the optical path through the AO system is realigned and the influence function of the
DM is recalculated until we are able to reach our target wavefront error. 0.02 µm was chosen as
the target wavefront error as it was observed as the minimum wavefront error in previous
experiments (performed by M. Goodwin).
Following this, the OAM mode sorter is calibrated with the turbulent phase plate removed. The
output from the mode sorter is very sensitive to the alignment with the input beam and must be
realigned at the start of each experiment on each day in order to ensure that the measurement
axis of the modesorter is aligned to the axis of the calibrator OAM modes. After alignment, the
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input OAM to the modesorter is changed from 0 to 1 (using different thin-film holograms) and the
output is captured on the CCD camera (Lumenera LU165M). With this information we can
determine where each OAM bin falls on the CCD.
Additionally, by keeping the exposure value for the calibration images the same as the exposure
used during the actual experiments, we use the calibration images as a zero turbulence reference
against which we calculate how much power the AO system restores to the initial OAM mode.
5.2.5 Turbulence corrected AO
Once calibration of the setup has been completed, the turbulent phase plate is inserted before the
AO system. The AO loop is closed and the phase plate rate of rotation is set. The OAM spectra
obtained from the mode sorter is recorded continuously, sampled ≈ 180 times over one rotation of
the phase plate. Simultaneously, conventional focal plane images, post AO correction are collected
in order to confirm that the AO correction of OAM modes corresponds to the conventional AO
correction.
The phase plate is then returned to it’s original position, and the AO loop is opened. The phase
plate is driven at the same speed and the camera then collects another set of images.
5.3 Results
5.3.1 Image correction
Loop open
Loop closed
D/r0 at 635 nm 9.0 19.3 22.8 31.8
Figure 5.6: Images of ` = 1 beam after propagation through a simulated turbulence with the AO
loop open (top row) and closed (bottom row) in the presence of varying turbulence strengths.
As a qualitative confirmation that our AO system is correcting our OAM modes as well as the
reference Gaussian, we check the focused output from the DM with the CMOS camera, both with
and without AO correction in the presence of static turbulence. Results for an input ` = 1 mode
are given in Fig. 5.6. In all images, red represents the maximum value of that image, and the size
of each image is 150× 150 pixels. The top row shows a ` = 1 mode after the turbulent phase plate
without any AO correction. At this point the deformable mirror remains in the configuration last
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Loop Open
Loop Closed
9.0 19.3 22.8 31.8D/r0 at 635 nm
Figure 5.7: Images of ` = 0 beam after propagation through a simulated turbulence with the AO
loop open (top row) and closed (bottom row) in the presence of varying turbulence strengths.
used when the AO loop was closed, while the turbulent phase plate is also stationary. In this
configuration, the temporal response of the AO system can be considered perfect and system
performance is limited by the actuator size of the DM, alignment of the “guide star” and our
target as well as measurement noise in the Shack-Hartmann WFS. The bottom row of images were
taken after the AO loop was closed, and for the two lowest realizations of turbulence, D/r0 = 9.0
and 19.3, the dark null at the center of the beams (characteristic of Laguerre-Gaussian beams) are
reconstructed by the adaptive optics system. As expected, as the turbulence strength increases,
the area over which the power is distributed increases, in both open and closed loop operation of
the AO system. The effect of the same AO system on a ` = 0 Gaussian is given for comparison in
Fig. 5.7. When the turbulence plate is removed, for an ` = 1 mode, the output from the AO
system looks very similar to the image in Fig. 5.6, bottom left hand corner. It should be noted
that even without any wavefront aberrations due to turbulence, asymmetries present in the
experiment distort the azimuthally symmetric profile.
5.3.2 Data analysis
The images of the OAM spectra obtained in Fig. 5.8 a)-c) contains 2D information about the
OAM content of our signal (horizontal axis) as a function of the Fourier transform of the log of the
radial coordinate r (vertical axis), where r is the radial coordinate of the coordinate system
defined at the centre of the first optical element of the modesorter. Specifically, the vertical axis of
the 2D OAM spectra has such a form because the final focusing lens after the modesorter elements
performs the Fourier transform of the Cartesian to log-polar transformation. A typical 2D OAM
spectrum of a beam is given in Fig. 5.8 a)-c). The beam was prepared in an OAM state ` = 1 and
sent through the system with a) no turbulence, (b) turbulence with adaptive optics correction,
and c) without correction. The colour scales of these images are normalized to the maximum
intensity in each image. Figs. 5.8 b) and 5.8 c) were obtained at D/r0 = 19.3, and a simulated
windspeed of 0.85 m/s. The OAM spectra collected over a full revolution of the turbulent phase
plate were then averaged to obtain b) and c).
In processing Figs. 5.8a)-c) we integrate over the F(log(r)) axis of each image, collapsing our 2-D
images to a 1D plot of power as a function of `, or as in d)-f) the pixel column index of the CCD.
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Figure 5.8: Output for an ` = 0 (red) and ` = 1 (blue) mode from OAM modesorter for a) no
turbulence, b) turbulence with AO loop closed, and c) turbulence with AO loop open. For each
image a)-c) the horizontal axis is OAM number ` and the vertical axis is F(log(r)). Bottom row
e)-f) are 1D OAM spectra obtained by integrating images a)-c) respectively, along the F(log(r))
axis. See text for details.
In this thesis, when we mention the F(log(r)) axis we are referring to the orthogonal axis to the
OAM axis ` in the Fourier plane of the final lens after the modesorter elements MS 1 and MS 2.
The transverse coordinates at the output of MS 2 are (θ, log(r)). The final lens performs a Fourier
transformation of the output with the corresponding transverse coordinates in the Fourier plane:
(`,F log(r)). F(x) denotes the Fourier transform of x.
Images d)-f), Fig. 5.8 contain the OAM spectra of Figs. 5.8 a)-c) respectively, and describe the
relative power in each OAM mode. Figs. 5.8 d)-f) have been rescaled relative to the maximum
power in the final calibration 1D OAM spectrum d).
The OAM modesorter is analogous to a wavelength spectrometer and produces a 1D OAM
spectrum, however due to the discrete nature of the OAM quantum number `, each pixel column
index in Fig. 5.8 d)-f) must be further binned into different OAM bins corresponding to discrete `.
In our case, as a first simple approximation we estimate the total power in the OAM bin with the
number of counts in the pixel column at the center of the bin. OAM bin positions on the CCD are
calibrated from the calibration OAM spectrum in the absence of turbulence.
The change in OAM content of our beam 〈s0〉, over a rotation of the turbulence plate is estimated
by taking the ratio between the counts measured in the desired OAM bin with AO system in
open/closed loop (Imeas) and the calibration value (Icalibration) in the absence of turbulence. This
ratio is then averaged over all measurements obtained over one rotation of the phase plate giving
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the ensemble average:
〈s0〉 =
〈 Imeas
Icalibration
〉
5.3.3 Power recovery
An example of typical OAM spectra obtained without turbulence, with turbulence and AO
correction, and with turbulence and no AO correction is given in Fig. 5.8. From a qualitative
comparison of e) AO corrected and f) uncorrected OAM spectra, it is obvious that adaptive optics
improves the recovery of an OAM mode propagated through turbulence. These OAM
measurements are also supported by conventional focal plane images in Figs. 5.6 and 5.7, where a
reduction in the beam radius is observed when the AO system corrects for turbulence. Prior to
AO correction, the major ` = 1 peak previously seen in the calibration spectrum d) is smeared out
by the turbulence leaving a very broad distribution centered at the same bin in the spectrum f).
After turning on the AO system in e), we see that the ` = 1 peak has been regenerated, albeit
with reduced power. One point to note is that in the closed loop OAM spectrum Fig. 5.8 e) the
peak of the ` = 1 OAM signal has shifted by 1 pixel column as compared to the initial ` = 1 bin,
defined by the maximum of the calibration peak. Hence the power recovered that is recorded is
less than 40% as given in Fig. 5.9 b).
In order to quantify the effect of AO on OAM modes of light, we prepare a ` = 1 OAM state and
propagate it through each iteration of turbulence strength and windspeed given in Tables 5.1
and 5.2 and process the output from the OAM modesorter as discussed in the previous section.
For each set of parameters (D/r0, windspeed) we measure the power remaining in the ` = 1 OAM
mode after turbulence, both with and without adaptive optics (AO system operating in closed and
open loop operation respectively). The fractional power remaining in the ` = 1 mode, 〈s0〉 is given
as a function of windspeed for four different D/r0’s in Fig. 5.9.
In each subfigure Fig. 5.9 a)-d) we compare the average power recovered with (blue) and
without (red) AO correction, as a function of windspeed. Each subfigure corresponds to a different
turbulence strength D/r0 = 9.0, 19.3, 22.8, and 31.8 respectively. Experimental data is given by
solid dots and crosses and the associated error bars indicate one standard deviation of 〈s0〉 values
recorded over a single revolution of the phase plate, obtained for each turbulence strength and
windspeed. The solid blue lines in Fig. 5.9 are numerical fits to the closed loop 〈s0〉 values. It has
been assumed that the 〈s0〉 varies as a function of windspeed (v) according to:
〈s0〉 ∝ v 53
This assumption is justified shortly. The solid red lines indicate the mean of all the 〈s0〉 values
measured during open loop operation of the AO system. We now provide justification for our
choice of fitting functions.
In order to describe the effect of adaptive optics on OAM modes propagating through turbulence
let us assume that post-turbulence, the power measured in an OAM mode 〈s0〉, consists of two
components: the power remaining in the helical OAM modes after turbulence 〈s0〉turb and the
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Figure 5.9: Average power recovered for ` = 1 as a function of simulated windspeed with (blue dots)
and without (red crosses) AO. Blue solid lines denotes a numerical fit to the closed loop data. The
fit parameters are given by y1. Red solid lines indicate an average of the 〈s0〉 values for open loop
operation given by y2. All D/r0 values correspond to a wavelength of 635 nm.
power recovered by the compensation of atmospheric turbulence by the AO system 〈s0〉AO:
〈s0〉 = 〈s0〉turb + 〈s0〉AO (5.7)
In the limit that turbulence strength is severe enough that the power recovered by the AO system
is negligible, 〈s0〉AO = 0, this simple model predicts that the power recovered will approach
〈s0〉turb. To estimate this value for each of the windspeed and turbulence strength combinations in
Fig. 5.9 we measure 〈s0〉 with the AO system in open loop operation. For these measurements, the
second term in Eq. 5.7, 〈s0〉AO = 0 and hence:
〈s0〉 = 〈s0〉turb (5.8)
These values are plotted in Fig. 5.9, red crosses denoting experimental data, however as Eq. 5.8
does not depend on windspeed, we plot the mean of the 〈s0〉 values as a solid red line (given by
y2) for each turbulence strength investigated.
The second term in Eq. 5.7, 〈s0〉AO, is equivalent to the Strehl ratio (S) from Eq. 5.5. σ2 is the
total RMS wavefront variance of the beam after the AO system. For our experiment, σ2 are the
residual wavefront errors due to imperfect correction of atmospheric turbulence by the AO system.
By describing the effect of the adaptive optics system in terms of the effect on the RMS wavefront
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variance of the beam, the remaining power in an OAM mode post-turbulence can be estimated:
〈s0〉AO = e−σ2 (5.9)
= e−(σ
2
spatial+σ
2
temporal) (5.10)
Eq. 5.10 assumes that the major components of the residual RMS wavefront error after the AO
system arise from the wavefront errors associated with discrete spatial (σ2spatial) and
temporal (σ2temporal) sampling of the incoming wavefront by the deformable mirror and the
wavefront sensor respectively. Theory predicts the following forms for the residual RMS wavefront
errors of an AO system [17, 19, 29]:
σ2spatial ∝ A× r
− 5
3
0 (5.11)
σ2temporal ∝ B(r0)× v
5
3 (5.12)
The scaling constant A in Eq. 5.11 is defined: A = κr5/3s [19], where rs is the separation distance
between actuators on the deformable mirror, 1.5 mm for this experiment. The parameter κ is a
dimensionless constant that depends on the design of the DM as well as the actuator geometry
and can vary from between 0.15 to 1.26 [19]. This assumes that the D/r0 dependent behaviour of
the AO system is due to the increase in spatial frequencies introduced by turbulence with large
D/r0, and the maximum spatial frequency which can be addressed by the finite sampling of the
DM actuators.
From [17], B(r0) = 6.88( τr0 )
5/3, where τ is the time delay between the AO loop sensing the
wavefront aberration and applying the correction, and v is the mean wind velocity of the turbulent
layers above the telescope. This term describes the wavefront errors arising from the time delay
between the measurement of the wavefront at the WFS and the correction of the wavefront by the
DM. For our experiment we use values of v varying between 1 and 16 m/s. Inserting Eqs. 5.11 and
5.12 into Eq. 5.7 and Eq. 5.10 yields:
〈s0〉 = 〈s0〉turb + e−(Ar
− 53
0 +B(r0)v
5
3 ) (5.13)
This equation is used to fit the closed loop experimental data (blue circles) in Fig. 5.9 as a
function of windspeed v. 〈s0〉turb is obtained as described above for each turbulence strength,
while the terms A and B(r0) are left as free parameters. From Fig. 5.9, we see that it is possible
to recover up to 85% power in our initial OAM mode at very low turbulence
strengths (D/r0 = 9.0, seeing-limited resolution 0.30”) and a windspeed of 0.85 m/s however, as
windspeeds increase, the fraction of power recovered due to AO decreases exponentially despite
the action of our AO system. The power remaining in the initial ` = 1 OAM mode also decreases
with an increase in turbulence strength as one would expect. As we have measured 〈s0〉 at
different simulated windspeeds for each turbulence strength, in order to see how 〈s0〉 changes with
turbulence strength we numerically fit curves to 〈s0〉 as a function of windspeed (see Fig. 5.9) and
then observe how 〈s0〉 changes with D/r0 over constant windspeeds. Fitting another curve to this
data as a function of D/r0 at constant windspeeds we find that the change in 〈s0〉 is consistent
with an exponential decrease with the 5/3 power of r0. From Fig. 5.10 we see that contours of
equal power recovered 〈s0〉 follow approximately straight, diagonal lines in the parameter space.
This is obviously due to the fact that as windspeed or D/r0 increases, the residual wavefront
errors incurred by the OAM beam increase, and from Eq. 5.10, for 〈s0〉 to remain constant, this
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Figure 5.10: 〈s0〉 as a function of both windspeed and D/r0. The surface was generated by fitting
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as a function of D/r0.
increase in σtemporal must be balanced by a decrease in σspatial and vice versa. At worse turbulence
strengths (D/r0 > 30, seeing-limited resolution = 1.1") the residual wavefront errors are severe
enough that even for a static turbulent atmosphere the power recovered is < 10%. The results
obtained from this experiment intuitively follow what we expect to occur for adaptive optics
systems operating under strong, dynamic turbulence, regardless of optical OAM. As turbulence
strength and wind velocity increase, the ability of the AO system to correct for wavefront errors is
reduced. It should be noted however, that our results do not represent the maximum limit on the
amount of power recoverable in OAM modes for all AO systems. For a dedicated LGS adaptive
optics system at a professional telescope, improved power recovery for OAM modes can definitely
be expected. One reason is higher quality optics, as well as the presence of a separate tip-tilt
mirror, however an important factor is that current adaptive optics systems operate in the
infrared, which brings with it a reduction in wavefront variance and an increase in isoplanatic
patch size, improving the effectiveness of adaptive optics in general.
With the results from this chapter, we are now able to estimate parameters for a future on-sky
measurement of OAM, taking into account the effect of the atmosphere. Let’s assume that the
seeing conditions at Macquarie University are quite poor, hence a value of r0 = 5 mm might be
reasonable. With a telescope of diameter D = 300 mm or approximately 12 inches, D/r0 = 60.
Referring to Fig. 5.10, in the optical even with an AO system and disregarding windspeed, we
cannot expect a reasonable measurement of the OAM spectrum in the presence of turbulence.
Thus, for a measurement of the OAM of light from some astronomical source performed at
Macquarie University, some form of turbulence mitigation must be implemented.
Of course by choosing the parameters for an experiment with a bit more care, our chances of
recovering an astronomical OAM signal can be improved. Reducing the telescope diameter for
example, to D = 80 mm yields a D/r0 = 16. From our results in Fig. 5.2, this estimates that we
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can recover between 10-50% power in an initial OAM mode using an AO system at optical
wavelengths however without an AO system, Figs. 5.2 and 5.9 imply that under turbulence
conditions D/r0 = 16, any initial OAM mode measured will only retain 5% of the initial power.
5.4 Conclusion
In a benchtop experiment, we estimated the effectiveness of a visible AO (R-band) system on
turbulence, by experimentally simulating an AO system attached to a 3.9 m telescope in the
presence of turbulence ranging from very good seeing (0.3”) to realistic values (1.1”). By varying
the beam diameter and rate of rotation of the turbulent phase plate, we were able to explore how
the power recovered by our AO system varied in response to both windspeed and turbulence
strength and found that while in good seeing conditions the adaptive optics was able to restore a
significant fraction of power to our initial OAM mode, at worse turbulence strengths the power
recovered at optical wavelengths was very small. Although we expect that dedicated AO systems
will perform better than our tabletop experiment, the scaling of the recovered power with the
wind speed and turbulence strength should follow the same trend we show here. From the results
of our benchtop experiments we expect that with a Laser Guide-Star R-band adaptive optics
system on the AAT, using a single guide star and with 0.65” seeing that we would be able to
distinguish an OAM signal from the turbulence induced OAM of the atmosphere for windspeeds
up to 5 m/s at a wavelength of 635 nm (〈s0〉 = 14%). While in our experiment, wavefront sensing
and correction was performed in the R-band using a 633 nm source, almost all adaptive optics
systems at commercial telescopes operate in the infrared over the H and K bands (1500-1800 nm
and 2000-2400 nm respectively) where adaptive optics compensation becomes easier as the Fried
parameter r0 scales with wavelength (r0 ∝ λ6/5) [17]. If the measurements were performed at the
AAT in the H-band at 1.6 µm, the largest D/r0 = 32 (635 nm) would scale to
D/r0 = 10.5 (1600 nm), and hence all experimental values obtained at a seeing of 0.3” in the
visible would be applicable to typical seeing conditions at 1600 nm (1.1”).
The results from this study provides strong motivation for the use of refractive mode sorters either
behind adaptive optics systems for wavefront compensation at longer wavelengths, or for space
based measurements beyond the reach of the earths atmosphere. One possibility within a
reasonable budget is to launch an OAM instrument packaged into a cube satellite or weather
balloon. The foot-print of the instrument is not necessarily large. The separation of the
mode-sorter elements accounts for the majority of the optical path of the instrument, and recent
developments have been successful in considerably reducing this separation on the order of 10 cm
of separation.
The main problem associated with such an experiment would be the pointing stability required to
take a measurement. Misalignments of the measurement axis of the refractive modesorter (or
other OAM measurement techniques) result in a broadening of the total OAM spectrum
measured [30, 31], which could potentially obscure any signal. Conversely, when the measurement
axis coincides with the target, the OAM is an intrinsic property of the field (i.e. there are no
transverse momentum components of the field) [32]. For a particularly bright target, a “lucky
imaging” approach could be used in which a series of low exposure images of the target is
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captured1. Then, the images which are not aligned with the measurement axis can be rejected.
This of course will increase the size of the instrument payload as an additional optical path must
be included. Alternatively, off-the-shelf pointing systems are able to provide arc-second stability
and been incorporated into proposed cubesat instruments [33, 34].
This is the first study which experimentally measures the power recovered for turbulence
aberrated OAM modes by adaptive optics in the optical region of the spectrum at realistic
turbulence strengths and has implications for any application in which OAM modes need to be
transmitted through a turbulent atmosphere. As OAM generates interest as an alternative to
conventional imaging methods in astronomy, our results serve as a benchmark of the limitations of
AO systems to compensate for the effect of the atmosphere in OAM modes.
Having highlighted the importance of the correction of atmospheric turbulence for OAM
measurements, in the upcoming chapter we present the first ever measurement of astronomical
optical OAM which corrects for tip-tilt aberrations induced by the atmosphere.
1We subsequently adopt this technique in the next chapter, in the absence of an AO system.
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6Measurement of Solar OAM
The results from the previous chapter indicate that correction of atmospheric turbulence are
critical to proper measurements of the OAM spectrum and that even with adaptive optics, taking
measurements of the OAM spectrum in the visible is a difficult prospect due to the strength of
atmospheric turbulence. In this chapter we describe the first attempt at measuring the OAM of an
astronomical object while attempting to mitigate the effects of the atmosphere.
We choose the sun as our astronomical target. As a proof of concept experiment, the major
advantages of using the sun are:
1. The sun emits many photons.
2. Potentially interesting phenomena associated with sun spots.
Choosing the brightest object in the sky as our science target enables us to use cheaper and
readily available hardware for our instrument. Regarding the second point, we tentatively identify
one solar phenomenon which we believe could potentially generate a detectable OAM signature.
Sunspots are regions on the surface of the sun with very high, long lasting magnetic flux and
decreased temperatures [1, 2]. In one possible mechanism in which light can be imparted with
higher order OAM, charged particles in the vicinity of the high magnetic fields of a sunspot are
significantly accelerated. The relaxation of high energy level ions generates higher order
multipolar radiation containing both spin and orbital angular momentum [3, 4].
Previously there has been one published attempt at measuring the OAM of the sun by sending the
collimated output from a telescope to a computer generated OAM hologram (containing phase
profile ei`φ) and dispersing the ±1 and 0 diffraction orders onto a detector [3]. The 0th diffraction
order is the unchanged telescope image and corresponds to the original pupil plane image. The ±1
diffraction orders are then compared with the original image (0th diffraction order).
The main limitations of this technique are low efficiency and more importantly, the final
measurement is not necessarily related to the Lz component of the optical orbital angular
momentum. By interacting the light with an OAM hologram, the OAM spectrum can generally be
obtained by projecting the output into different values of ` defined by the hologram using a single
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Figure 6.1: Intense solar activity in the UV at 171 nm. Image of the sun obtained from the Solar
Dynamics Observatory (sdo.gsfc.nasa.gov).
mode fibre as described in Chapter 4. Directly imaging the output from the hologram for a single
value of `, can only provide information about the OAM of the input light at the origin of the
detector plane [5], however this analysis was not performed in [3] and still clearly does not
represent a full measurement of the OAM spectrum of a source.
Atmospheric turbulence has very significant impacts on OAM measurements as was demonstrated
in the previous chapter, and for this study, turbulence was severe enough over the 90 cm aperture
that no significant difference could be found by a qualitative comparison between the ±1
diffraction orders and the unmodified image. What this study did find is that the ` = ±1
diffraction order images preserved higher spatial frequencies in the image than conventional
imaging using light in an OAM state ` = 0. The major conclusion however, was that there were no
observable differences between the images obtained with light from the sun in ` = 0, 1, and− 1
OAM states. This is to be expected in the case of heavy turbulence (see Chap. 5, Fig. 5.2) where
the power initially concentrated in the low order OAM modes (` = −1, 0, 1 etc.) is distributed
evenly over a large amount of OAM modes.
The other significant work in this field is by Sponselli et al. [6] which was described in Chapter 3.
Sponselli studied the OAM spectrum of eight stars and measured the OAM spectrum using the
refractive mode sorters outlined in Chapter 4. The main conclusion drawn from this study was
that the width of the OAM spectra of each star, decreased with the altitude on the sky. This was
attributed to the fact that at lower altitudes, the optical path through the atmosphere was higher,
and hence the phase fluctuations introduced by atmospheric turbulence was increased relative to
higher altitude measurements. Thus, for this experiment, terrestrial atmospheric turbulence
dominated the measurement of the OAM spectrum in the absence of a adaptive optics system, or
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any other kind of turbulence mitigation system. Significantly, this work was the first, and at the
time of writing, the only attempt at measuring the OAM of an astronomical object by directly
detecting the total z-component of the OAM of the source over a large number of OAM modes.
From the laboratory experiments performed in Chapter 5, and as well as the experimental work
done by Uribe et al. and Sponselli et al., it is clear that atmospheric turbulence is the main
difficulty that must be overcome, in order to obtain unambiguous measurements of the OAM of
astronomical sources. In this chapter we follow the work done by Sponselli et al. and measure the
OAM of an astronomical object using a refractive OAM modesorter. Our work focuses on the
OAM spectrum of an extended astronomical body and attempts to minimize the effect of
atmospheric turbulence. The instrument described in the following section was designed to enable
a direct measurement of the OAM content of the solar surface, with minimal turbulence
aberrations.
6.1 Instrument design
Considering the results from the previous chapter, atmospheric turbulence increases the cross-talk
between adjacent OAM modes. This cross-talk increases exponentially with Dr0 , hence for a given
value of the Fried parameter r0, the effect of atmospheric turbulence on an OAM measurement
can be reduced by limiting the diameter D of the detection aperture. In light of this, a Lunt
LS80THα solar telescope with a telescope diameter of D = 80 mm was chosen to collect and filter
light from the sun. The Lunt LS80THα uses an etalon filter to select the Hα line corresponding to
Balmer emission in ionized atomic hydrogen (656.28 nm).
Accompanying the reduction in aperture size however, is a corresponding reduction in angular
resolution. Given an 80 mm diameter, the diffraction limited resolution (R) of the Lunt LS80THa
at the observation wavelength (656.28 nm) is given by the following equation:
R =
λ
D
× 206265 arcseconds (6.1)
= 1.69 arcseconds (6.2)
The factor 206265 converts the resolution from degrees to arcseconds. This angular resolution is
suitable for our purposes, since by choosing the sun (30′ diameter) as our target, we are still able
to adequately resolve interesting features of the sun, for example sunspots (≈ 20− 40”). The
effective focal length of the telescope ftel is 560 mm. We further reduce the effect of turbulence by
implementing a lucky imaging approach to “freeze” the atmosphere.
Lucky imaging is a technique used by amateur and professional astronomers to reduce the effect of
atmospheric turbulence without the need for expensive equipment such as AO systems. The basic
principle behind lucky imaging is that the atmospheric turbulence is dynamic and the total
quality of seeing depends on both the spatial inhomogeneities in the density of the air above the
telescope, as well as the speed at which these spatial inhomogeneities change in time. A typical
image of a star will thus be degraded by spatial variations in the phase, and as the turbulence
changes over the course of an exposure, the resulting image is also blurred, however if the
exposure time of an image is shorter than or comparable to the time scale at which the turbulence
changes, the image of the star will only be degraded by spatial variations in the refractive index.
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If the user now collects many frames, as the atmospheric turbulence varies, some frames will
correspond to points in time at which the seeing conditions are good.
In our experiment, we extend this technique to the collection of our OAM spectra. Given a lower
D/r0 due to our more modest telescope aperture, we can obtain good images and OAM spectra of
the sun by freezing the atmosphere with lucky imaging.
We use two cameras, one to capture “lucky” images with and to evaluate image quality, and the
second to collect images of our OAM spectra. By synchronizing our lucky imaging camera and
OAM spectrum camera, we can select the OAM spectrum image corresponding to the lucky
images. One point which must be made is that short exposure images were collected on our lucky
imaging camera (≈ 1 ms) while longer exposures were collected on the OAM spectrum
camera (5-20 ms). This was to ensure that a larger SNR ratio was obtained on the spectrum
camera as the light is more dispersed on the OAM spectrum camera, compared to the focused
image formed at the lucky imaging camera. The difference in exposure times reduces the quality
of images collected by the spectrum camera, however this does not affect the image selection on
the spectrum camera, since the time at which both cameras are triggered to collect an image is
still synchronized.
A Lumenera LU165M CCD (CCD1) was chosen as a lucky imaging camera. With an 80 mm
telescope aperture, to operate at a Dr0 = 1, we would require seeing on the order of r0 = 10 cm at
λ = 633 nm, or a seeing of ≈ 1.1”, comparable to the atmospheric conditions at world class
observatories (1” at La Palma, r0 = 0.17 m at Mauna Kea) [7–10]. While there have been no
published measurements of the characteristics of the atmospheric turbulence at Macquarie
University, NSW, Australia, it can safely be assumed that seeing conditions will be worse than
r0 = 10 cm. Hence, even with a small aperture telescope, we will not be able to completely
disregard the spatial variations in the atmospheric turbulence during OAM measurements. Lucky
imaging however, in addition to “freezing” the atmospheric turbulence over a single exposure, also
allows us to account for the lowest order tip-tilt components in the typical Zernike polynomial
expansion of optical aberrations due to the atmosphere.
Phase aberrations affecting an optical system1 can be expanded into an infinite series of modes
known as Zernike polynomials [11]. The first 6 Zernike modes are plotted in Fig. 6.2. The lowest
order modes in the Zernike series are the tip-tilt phase aberrations, corresponding to a linear phase
ramp across the wavefront in x and y. This is significant as any change in the position of the target
with respect to the measurement axis will result in differing measurements of the OAM spectrum
of a source [12, 13], however by combining the OAM spectrum camera with the conventional lucky
imaging camera, we can mitigate this effect by discarding OAM spectra collected when the target
is off-axis. This approach is enabled by the synchronization of the lucky imaging camera and the
OAM spectrum measurement camera (CCD2) in order to ensure that the target position measured
on the lucky imaging camera properly corresponds to the OAM spectrum measured. CCD1 is
synchronized to CCD2 to within 0.02 ms and collects images at ∼4-6 frames per second.
A schematic of the instrument is given in Fig. 6.3. The full instrument sits on a 325× 570 mm
optical bread board which has been screwed into a dovetail plate to connect to a Skywatcher
AZ-EQ6 Synscan telescope mount.
1These can arise from optical misalignments, or alternatively atmospheric turbulence.
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Following the telescope, all subsequent optics are standard 1 inch optics available from Thorlabs.
An iris is placed at the focal plane of Lenstel in order to look selectively at specific parts of the
sun. The iris also limits the k-vectors entering the system to avoid the large number of k-vectors
from drowning the OAM spectrum detector. The output from the telescope is collimated by Lens
1 (f1 = 50 mm), reducing the beam diameter to 7 mm (slightly under-filling the aperture of the
modesorter). A 50:50 beamsplitter separates the light into two paths for analysis by the OAM
modesorter, and the lucky imaging camera module consisting of Lens 2 (f2 = 50 mm) followed by
CCD1 placed at the focus. Since the focal lengths of Lens 1 and Lens 2 are equal
(f1 = f2 = 50 mm), they act as a 1:1 imaging system, and hence the the plate scale at CCD1 is
the same as the plate scale at prime focus, 1.66”/px.
Given that the angular resolution of the telescope is 1.69", it is apparent that we are sampling at
approximately half the Nyquist frequency at CCD1. The plate scale for this experiment was
chosen to minimize the space used in the optical setup, while maintaining a decent resolution. For
CCD1 to sample the image at the Nyquist frequency of the telescope, we would require additional
optics to achieve an effective focal length of 1.57 m. In this experiment the lucky imaging camera
is only used to control the selection of OAM spectra, and even with undersampling, the actual
resolution at CCD2 is sufficient to perform lucky imaging.
The light entering the modesorter is aligned to MS 1 and MS 2 using a right angled mirror which
has both tip-tilt and translational degrees of freedom. MS 1 and MS 2 are custom refractive
optical elements, designed to perform an optical coordinate transformation. These elements are
described in Chapter 4 of this thesis. Both MS 1 and MS 2 are mounted in X-Y translational
stages to allow for optimisation of the alignment. Lens 3 (f3 = 200 mm) angularly disperses the
modesorter output, yielding the weights of the OAM spectrum of the input in the Fourier plane of
the lens. CCD2 is a Lumenera LU165M CCD camera placed at the focal plane of Lens 3 to record
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Figure 6.3: Left) Diagram of telescope coupled OAM modesorter. Focal length of Lenstel, ftel =
560 mm. Focal length of lens 1, f1 = 50 mm. Focal length of lens 2, f2 = 200 mm. Focal
length of lens 3, f3 = 200 mm. BS = 50:50 beam splitter, MS 1/2 = Modesorter Element 1/2,
CCD = charge coupled device, LD = 633 nm laser diode. Beam cleaner consists of a 2f-telescope
system (magnification = 1) and a 50 µm pinhole. Right) Picture of instrument from 26/12/16.
the resulting OAM spectrum. A theoretical analysis and derivation of the PSF of this instrument
is provided in Appendix B.
One subtlety of the instrument which is shared by a very similar device used by Sponselli et al. [6]
is that the Fourier plane of the telescope image plane is used as the input to the modesorter,
rather than the image plane, however as the analysis in Appendix B shows, the output measured
at CCD2 is still proportional to the OAM decomposition of the input to the instrument.
As a reminder, in this thesis, in the plane of CCD2 (see Fig. 6.3) the light is dispersed over two
axes. In Appendix B these are labelled (α, β). β is the axis over which the OAM is dispersed and
corresponds to the Fourier conjugate of the v axis in the output plane of MS 2. Similarly, α is the
Fourier conjugate of the u axis, however as u is the log-polar transformation of the radial
coordinate at the input plane to MS 1, there is no clear interpretation of α. Instead, we refer to α
as the F(log(r)) axis, F(x) denoting the Fourier transform of x.
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Interestingly, a similar instrument was implemented 40 years ago in 1976 [14] as an optical
correlator for image identification, rather than astronomy. The principle of operation of the
original instrument is reproduced in Fig. 6.4 and a schematic of the implementation of the
instrument in Fig. 6.4 b). An initial input is Fourier transformed, undergoes a log-polar
transformation, and is then Fourier transformed a final time. This is identical to the process in
which we measure the OAM spectrum of the output from a telescope. The output from the
telescope is collimated (Fourier transformed), and we then perform a log-polar transformation
using our optical modesorter elements. A final lens separates the individual OAM modes. The
difference between the instrument described in [14] (reproduced in Fig. 6.4 b)) and the instrument
proposed in this thesis is that the original instrument digitally performs the Fourier
transformation of the log-polar transform on the image intensities, while the instrument contained
within this thesis performs the set of transformations in Fig. 6.4 a) directly on the optical field, in
order to transform and measure the phase profile of the input.
a)
b)
Figure 6.4: a) Principle of operation of the “position, rotation and scale invariant” transformation
system. FT = Fourier transform. b) Experimental implementation of a). Images reproduced
from [14].
6.2 Experimental method
6.2.1 Alignment
Initially the instrument is aligned in the laboratory using a 633 nm laser diode calibration source
which has been spatially filtered with a 50 µm pinhole (see Fig. 6.3). The calibration source is
coupled into the instrument through the 50:50 beam splitter. As the calibration source does not
enter the instrument through the telescope, the 633 nm source cannot be used to estimate the
PSF of the entire instrument, and is instead used to verify the alignment of the subsequent optical
path. The beam path through the 50:50 beam splitter is first checked. The optical path through
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the modesorter cage system is then verified with MS 1 and MS 2 removed. Lens 2 is then inserted
and CCD1 placed at the focus. MS 1 and MS 2 are inserted into the cage system and roughly
aligned to optimise the beam transformation, after which Lens 3 is placed in a lens mount free
from the cage system, aligned with the output of MS 2. MS 1 and MS 2 are briefly removed and
CCD2 is then placed at the focus of Lens 3 before MS 1 and MS 2 are reinserted and aligned more
thoroughly by optimising the OAM spectrum viewed on CCD2. Misalignments in the mode sorter
elements manifest as a broadening of the measured spectrum, and during this finer alignment, the
positions of MS 1 and MS 2 are changed until the width of the OAM spectrum is minimized.
The experiment is then taken outside to a balcony approximately 5 m off the ground and fixed to
a Skywatcher AZ-EQ6 Synscan equatorial telescope mount. Once mounted outside, the position of
the calibration source at CCD1 is checked. This position defines the measurement axis of the
modesorter and we check that this position has not changed due to misalignments during
mounting of the instrument. The OAM spectrum of the calibration source is also double checked
against the OAM spectrum measured in the laboratory, and realignments are made as necessary
to match the current calibration OAM spectra with the one measured in the lab.
With Iris 1 fully open, the sun is located on CCD1 and Lens 1 is adjusted until the image on
CCD1 is in focus. At the point, we know that the output from the telescope should be collimated.
The use of this lucky imaging camera for alignment solves one of the major problems observed by
Sponselli during the alignment of a similar instrument [15]. Iris 1 is closed as much as is
allowed (250 µm) and moved along the direction of the beam path until it appears in focus with
the image of the sun on CCD1. With this, we can be certain that the iris is in the focal plane of
the telescope. Iris 1 is aligned by closing the iris as much as possible and centering it on the
measurement axis defined by the calibration source on CCD1.
The coupling of the calibration source into the instrument via the 50:50 beam splitter rather than
through the solar telescope yields a slight misalignment between the calibration source and the
light from the telescope due to a tilt error. The alignment position on CCD1 for the telescope
light is identified by using the original calibrator position as a guide and placing a small 50 µm
pinhole in the focal plane of the telescope. Such a small pinhole is used as the OAM spectrum at
the output of the pinhole should give a very narrow OAM bandwidth (as shown in Appendix C),
similar to the narrow OAM bandwidth calibration laser. The position of the pinhole is overlapped
with the calibration source at CCD1. Due to the small tip-tilt misalignment this leaves the
sunlight through the pinhole roughly aligned with the system. The correct alignment is optimized
by moving the position of the pinhole and checking the output OAM spectrum at CCD2 until the
OAM spectrum observed is minimized. Appendix C also provides a prescription for calculating
the correct pinhole size to use to collimate the output from the telescope which may prove useful
for future OAM instrument designers.
6.2.2 Data collection
Measurements of the sun were taken on two separate dates: 24/10/2016 and 26/11/16. On both
days, after alignment of the instrument, data was collected as outlined in Fig. 6.5. At the start of
the measurement of a data set, the measurement axis of the instrument is aligned to the sunspot
using the telescope mount. This ensures that we use the same measurement axis when analyzing
the OAM spectrum of different sunspots. A batch of images of the sunspot are collected at CCD1
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and CCD2. As CCD1 and CCD2 are synchronized, two batches of images are collected in this
step, corresponding to the lucky imaging frames, and the OAM spectrum frames. The number of
images in each batch varies between 24/10/16 and 26/11/16 and is given in Table. 6.1. The light
from the telescope is then blocked and another batch of images are taken to use as background
images for CCD1 and CCD2. Using three different calibration targets in our experiments, we are
Align sunspot
Collect frames
+ background
Align sunspot
Collect frames
+ background
Slew to calibrator Ci
Slew to sunspot
Align sunspot
Repeat M times
M = # of calibrators
Begin measurement
Repeat measurement
for N data sets
Figure 6.5: Flow diagram of data collection process during experiment. The dashed box indicates
that the measurement of the M calibrators is performed before the entire process is repeated. Iterate
entire measurement process N times to produce N data sets.
able to track the change in OAM spectrum of the sunspot in time, with respect to the calibrators
to minimize the impact of a dynamic turbulence creating an apparent change in the OAM spectra.
Before the instrument changes targets from sunspot to calibrator C1, or from calibrator Ci to
Ci+1, the measurement axis of the instrument is first aligned once again to the sunspot. This is to
ensure that the instrument always slews to the same parts of the sun to use as calibrators Ci for
each iteration of the entire measurement loop shown in Fig. 6.5. This is required as unlike the case
of the sunspot, it is difficult to use physical features on the sun to reliably align the instrument
with the calibration target Ci.
The telescope is slewed to Calibrator 1 and we again capture our batches of data as well as the
associated background images as previously described. The telescope is again slewed back to the
sunspot and aligned with the sunspot before the moving to the next target. This process is
repeated until batches of data and backgrounds from all four calibrators have been collected. Each
set of image batches collected of the OAM spectra of the sunspot, and calibrators Ci(i = 1, 2, 3),
are referred to collectively as “Data set N”, N being the Nth iteration of the data collection cycle
in Fig. 6.5.
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It takes approximately 3-5 minutes to complete a single iteration of the above process (collection
of data for sunspot, and calibrators Ci). This process is performed from the time that the
instrument has been aligned in the field, until the sun can no longer be tracked in the sky due to
surrounding buildings. This results in different numbers of data sets obtained between the two
different measurement days. 27 data sets were collected on 24/10/16 and 17 were collected on
26/11/16 (see Table. 6.1).
The relative positions of sunspot S1, and calibrators C1,i on the 24/10/16 and 26/11/16 are
illustrated in Fig. 6.6. Calibrator C1,3 is positioned very close to the edge of the sun and there
exists a significant gradient in intensity due to solar limb darkening [16] compared to S1 and C1,1
and C1,2. Although this disqualifies C1,3 as a good calibrator for S1, C1,3 was included to look at
the effect of strong image gradients on the OAM spectrum. Fig. 6.7 denotes the positions of
sunspot S2 and calibrators C2,i on the surface of the sun on 26/11/16. The subscript on the S
indicates whether we refer to the sunspot observed on 24/10/16 (subscript 1) or
26/11/16 (subscript 2). A similar notation is followed for the first subscript of the calibrators, C1,i
referring to calibrators used on 24/10/16 and C2,i referring to calibrators used on 26/11/16. The
Calibrator 1
Sunspot
Calibrator 2
Calibrator 3
Figure 6.6: An image of the full sun obtained from the Solar Dynamics Observa-
tory (sdo.gsfc.nasa.gov/data/aiahmi/) corresponding to the 24/10/16. The rough positions of the
sunspot and calibrator targets are circled in black, while the labelled overlays provide a blow up of
the regions observed on CCD 1.
experimental details related to data collection on two different days is given below. The gap
between data collection dates (24/10/16 and 26/11/16) was due to waiting for the appearance of
two sunspots with significantly different sizes. Fig. 6.8 compares the different sunspots observed
on 24/10/16 and 26/11/16. The sunspot from 26/11/16 is much larger in terms of depth (and
hence magnetic field strength) as well as diameter (Fig. 6.8 c). Thus the two data sets captured on
24/10/16 and the 26/11/16 allow us to make a comparison between the difference in OAM
spectrum between two sunspots differing in size and magnetic field strength.
Referring to Table 6.1, the difference between exposure times for the lucky imaging
camera (CCD1) and the spectrum camera (CCD2) was largest on 24/10/16, where the exposure
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Figure 6.7: An image of the full sun obtained from the Solar Dynamics Observa-
tory (sdo.gsfc.nasa.gov/data/aiahmi/) corresponding to the 26/11/16. The rough positions of the
sunspot and calibrator targets are circled in black, while the labelled overlays provide a blow up of
the regions observed on CCD 1.
Date CCD1 exp. time CCD2 exp. time Batch size No. data sets
24/10/16 1 ms 20 ms 25 images 27
26/11/16 1 ms 5 ms 35 images 17
Table 6.1: Details of data acquisition conducted on 24/10/16 and 26/11/16. Batch size is the
number of frames collected in the second and fifth steps in Fig. 6.5.
time of CCD2 was set in order to ensure that a signal was detected. During the analysis of this
first experiment, it was realized that more than enough signal was collected at CCD2. With this
realization, the exposure time of CCD2 was subsequently reduced in the experiment on 26/11/16,
in order to try and minimize the effect of turbulence on the OAM spectrum measurements.
As mentioned above, lucky imaging is used to account for the tip-tilt aberrations induced by
atmospheric turbulence. In order to correct for this change in the OAM spectrum, we align our
instrument and note down the location corresponding to the correct alignment of the modesorter
on CCD1. For each frame we then calculate the offset of the centroid of the sunspot from the
reference position. We then reject frames in which the sunspot centroid lies outside of some radius
from the alignment position on CCD1.
6.2.3 Lucky Imaging complications
There exist some complications associated with our application of the “lucky imaging” technique
which stems from the design of the instrument. The image observed on the lucky imaging
camera (CCD1) is not the whole field seen by the telescope, it is only the portion of the scene
selected by the pinhole placed at prime focus (see insets of Figs. 6.6 and 6.7. This setup provides
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Figure 6.8: Comparison of sunspot analyzed on a) 24/10/16 and b) 26/11/16. Images a) and b)
were collected with the same exposure times. The intensity scale of a) and b) has been normalized
such that the maximum value in each image is set to zero counts. A linecut through both images
are plotted in c) at the positions indicated by the dotted lines in a) and b) respectively.
the flexibility to be able to align the focus of the telescope, the x, y, and z position of the pinhole,
as well as the collimation of the telescope output, all on location before measurement.
This setup however creates difficulties in the use of comparable metrics for the selection of sunspot
and non-sunspot lucky images. Generally, image selection methods are based on image quality
operators which invariably analyze the first and second order derivatives of images, looking for
large transitions in intensity which denote the presence of sharp edges. These metrics are used to
select the best percentage of images out of a set of identical images, and so this metric can be used
as a comparison. In our experiment, we perform lucky imaging on the sunspot data, but are
unable to implement an identical lucky imaging selection using the same metric in the images of
our calibration targets (Ci’s).
We only ever compare the sunspot data with the calibrators analyzed consecutively. This reduces
the time delay to approximately 5 minutes.
In our lucky imaging technique, we select “lucky” frames using the criteria that the centroid of the
sunspot is less than some threshold number of pixels from the measurement axis. For data
collected on 24/10/16 this was selected as 1.5 pixels, while the data collected on 26/11/16 uses a
threshold of 2 pixels. The average of selected “lucky” frames of our OAM spectrum from CCD2 of
a typical sunspot measurement on the 24/10/16 is given in Fig. 6.9 a). The average of the
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Figure 6.9: a) Average of “lucky” image selected sunspot OAM spectra obtained from 24/10/16.
Selection criterion is that misalignment of sunspot from measurement axis is <1.5 pixels. b) Average
of “unlucky” image selected sunspot OAM spectra. Insets plot a horizontal slice through the OAM
spectrum at pixel row index 443. c) Average of “lucky” image selected sunspot OAM spectra obtained
from 26/11/16. Selection criterion is that misalignment of sunspot from measurement axis is <2
pixels. d) Average of “unlucky” image selected sunspot OAM spectra. Insets plot a horizontal slice
through the OAM spectrum at pixel row index 400.
associated “unlucky” frames which did not meet the above criterion is shown for comparison in
Fig. 6.9 b). In both images, the solid black rectangle denotes a region of interest in which the
“lucky” and “unlucky” OAM spectra differ. In the lucky imaging averaged spectrum, there is a
shallow depression centered at approximately pixel position (217,443) which does not appear in
the unlucky imaging averaged spectrum. Insets in a) and b) plot a slice through each 2D OAM
spectrum at the center of the region of interest. These plots more clearly highlight the presence of
this dip in the OAM spectrum. Figs. 6.9 c) and d) are the same figures as a) and b) but for data
collected on 26/11/16. From Figs. 6.9 c) and d) we see a similar behaviour to a) and b) regarding
the effect of lucky imaging on the OAM spectrum. Separation of lucky from unlucky images
identifies a change in the OAM spectrum (the presence of a depression in intensity) which we can
attribute to misalignment arising from tip-tilt errors. We note that the depression in intensity in
the OAM spectra Figs c) and d) is much clearer than the depression in Figs a) and b), which
could be associated with the larger and deeper sunspot on the 26/11/16 compared to the
24/10/16. Another explanation might lie with the difference in exposure times used to capture
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Figs. a-b) (20 ms) and c-d) (5 ms). It might be the case that the feature of interest in the OAM
spectrum is more averaged out over the 20 ms exposure in a) and b) compared to the 5 ms
exposure of c) and d).
Fig. 6.9 serves to highlight the effect of lucky imaging on our data and confirms that by
performing lucky imaging, we are indeed correcting for atmospheric turbulence. In particular, the
tip-tilt misalignment results in observable differences, most significantly in the 2D OAM spectra.
6.3 Results
We obtain 2D OAM spectra as in Fig. 6.10 for the Sunspot, Calibrator 1, Calibrator 2 and
Calibrator 3. Each 2D OAM spectrum that is collected, is background corrected by averaging the
associated set of background images and then subtracting the background from the 2D OAM
spectrum. Fig. 6.10 is an example of a typical 2D OAM spectrum obtained by integrating all of
the “lucky” OAM spectrum images collected for S1 in a data set. In the image of the 2D OAM
spectra, the sharp, small black points are dust particles. Although care is taken to remove dust on
the CCD sensor, it can clearly be seen in the picture.
This final OAM spectrum is then analyzed by either integrating the spectrum along the F(log(r))
axis and measuring the FWHM (see Figs. 6.12 and 6.13) or taking slices through the 2D OAM
spectrum at each F(log(r)) (for example indicated by the blue dotted line in Fig. 6.10) and
measuring the FWHM of each subsequent 1D OAM spectrum (example of a 1D spectrum is given
in Fig. 6.10 b) and associated results in Figs. 6.14, 6.15, 6.16 and 6.17). In this chapter, any
reference to the OAM spectra of sunspots S1 or S2 contains the implicit assumption that the
results are obtained only for the lucky imaging selected images while the OAM spectra of
calibrator C1,i and C2,i are obtained by integrating over every calibrator spectrum image in the
data set.
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Figure 6.10: a) A typical 2D OAM spectrum of a sunspot measured on 24/10/16. The dotted blue
line indicates the F(log(r)) position at which a slice of the OAM spectrum is extracted in b). The
width of the OAM spectrum ranges from ` = ±60.
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Fig. 6.11 qualitatively compares typical 2D OAM spectra of a) S1 and C1,i obtained in data set 5
and b) S2 and C2,i corresponding to data set 11. The 2D OAM spectra of the sunspots are
generated by selecting and integrating the lucky images as described previously. The OAM
spectra of the calibrators (C1,i and C2,i) in the figure is generated by integrating every image of
the 2D OAM spectrum of the calibrator in the data set. Considering the top line of 2D OAM
spectra in Fig. 6.11, the OAM spectra of the calibrators (C1,i) are all quite similar, while the
OAM spectra of the sunspot (S1) possesses a very faint dip in intensity at the brightest part of the
spectrum (a line cut highlighting the dip is given as an inset in Fig. 6.9). This difference in
spectra between sunspot and blank calibrator is confirmed in the OAM spectra of sunspot S2 and
calibrators C2,i (Fig. 6.11 b)). While the spectra of calibrators C2,i all possess a similar structure,
a bright core (corresponding to ` = 0), and a decreasing halo of power at larger absolute values of
` and at greater separations in F(log(r)), the OAM spectrum of S2 has a much more pronounced
dip in intensity at the centre of the OAM spectrum than the spectrum of S1. Upon closer
inspection, the single dip in S2 appears to have two dark cores close together.
S1
a)
S2
b)
C1,1 C1,2 C1,3
C2,1 C2,2 C2,3
Data set 5
Data set 11
Figure 6.11: Full 2D OAM spectrum of a) S1 and C1,i’s and b) S2 and C2,i’s and the data sets to
which each spectrum was obtained. Both S1 and S2 are obtained by lucky imaging, while all C1,i
and C2,i are obtained by integrating all the frames belonging to each C1,i and C2,i respectively in
the data set.
Let us now compare the total integrated OAM spectra of the sunspot to the calibrator by
integrating the 2D OAM spectra such as those in Fig. 6.11 along the F(log(r)) axis. When
qualitatively analyzing the 1D OAM spectra, we remove the parts of the 2D spectrum at which a
dust particle appears. The full width at half maximum (FWHM) of the resulting 1D OAM
spectrum is obtained by subtracting the lowest value of the OAM spectrum from the entire 1D
OAM spectrum and finding the points in the spectrum at which the intensity is half the maximum
within some threshold value. The resulting FWHM of the integrated OAM spectra of S1,i, C1,i
and S2, C2,i is plotted for each data set in Figs. 6.12 and 6.13. The 1D OAM spectral FWHM of
each data set is calculated from the mean of the FWHM of the data set. The error bars for the
sunspot and calibrator FWHM from each data set are given by the standard deviation of the
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FWHM taken from each data set.
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Figure 6.12: Plot of the FWHM widths of the integrated OAM spectra obtained on 24/10/16 as a
function of data set for sunspot S1 (blue) and each calibrator C1,i (green, red and blue respectively).
The error bars indicate the standard deviation of the FWHM width of the OAM spectra in each
data set of 25 images.
From Fig. 6.12, immediately we observe that the spectral widths of the calibrators C1,1 and C1,2
are greater than the spectral widths of C1,3. As the spectra of the calibrators C1,i are continuously
collected one after the other (see Fig. 6.5), this difference cannot be due to changing turbulence
conditions and must be associated with some feature of calibrator C1,3. We attribute this
difference to the changing intensity gradient across C1,3 compared to C1,1 and C1,2. Referring to
Fig. 6.6, the positions of C1,1 and C1,2 are close in proximity with slight differences in intensity
due to local features on the sun, however C1,3 is located at the very edge of the sun where the
intensity decreases due to solar limb darkening.
The FWHM of the integrated 1D OAM spectra of S1 (blue) appear broader, however the difference
between the spectral widths of S1 and C1,1 and C1,2 are within the uncertainty of the measurement
for the majority of the data sets and it is hard to identify whether there is a consistent difference
in FWHM of the 1D integrated OAM spectra. This small difference in OAM spectrum FWHM
may be due to the size of the sunspot and the strength of the associated magnetic field, producing
an effect which is very difficult to isolate in the OAM spectrum. In Fig. 6.12 there is a missing
data point for S1 in data set 2. Due to errors in data collection, no background data was recorded
for this set of spectra for S1, hence the data point was removed. This missing data point is
observed in Figs. 6.14 and 6.16 as a missing band in the left most inset. As a comparison we
consider the FWHM of the integrated OAM spectra of the larger sunspot S2 in Fig. 6.13.
The results presented in Fig. 6.13 are generated the same way as in Fig. 6.12. Each data point
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Figure 6.13: Plot of the FWHM widths of the integrated OAM spectra obtained on 26/11/16 as a
function of data set for sunspot S1 (blue) and each calibrator C2,i (green, red and blue respectively).
The error bars indicate the standard deviation of the FWHM width of the OAM spectra in each
data set of 35 images.
represents the mean FWHM of the FWHM of each OAM spectrum obtained in the data set for
S1 (blue), C2,1 (green), C2,2 (red) and C2,3 (teal), and the error bars are defined by the standard
deviation of the FWHM in each data set. The FWHM of the integrated 1D OAM spectra of the
sunspot S2 are much more clearly distinguished from the spectral widths of the calibrators C2,i.
This increase in FWHM of the 1D OAM spectrum of sunspots is a consequence of the appearance
of a null in intensity in the 2D OAM spectrum.
The FWHM of the OAM spectra collected on 26/11/10 have a greater standard deviation than
the spectra on 24/10/16 which is attributed to greater wind speed and hence atmospheric
turbulence (see Chapter 5) on the 26/11/10 as well as a lower exposure time (and hence lower SNR
in the 2D OAM spectra). We note that the FWHM of the sunspot OAM spectra have a similar
standard deviation to the FWHM of the calibrators. Additionally, there are some missing points in
Fig. 6.13 where there are no lucky images of the sunspot in a data set in the case of the blue line.
There is also a missing data point for the calibrator C2,3 where sunspot data was recorded instead
of the correct calibrator data (data set 5) and for calibrator C2,1 (data set 4) where due to physical
malfunction, an increased amount of background light from the surroundings was introduced into
the spectrum which would have resulted in an overestimation of the FWHM. These missing data
points are also seen in Figs. 6.15 and 6.17 as missing bands in the lower half of the figures.
Another interesting observation is that the difference in the OAM spectra FWHM between
sunspot S2 and calibrators C2,i is approximately 10-15 pixels. In comparison, the OAM spectrum
FWHM of S1 is greater than the FWHM of C1,i by only < 5 pixels. Thus we can see an increase
in width in the OAM spectrum of sunspots which differ in brightness (and hence magnetic field
strength). Whether this is due to some higher order multipolar radiation emitted in the vicinity of
110 Chapter 6: Measurement of Solar OAM
the sunspot, or it is some consequence of reimaging is open for debate.
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Figure 6.14: Top) Plots of the OAM spectrum FWHM as a function of F(log(r)) for data collected
on 24/10/16. Blue, green, red and teal solid lines denote the OAM spectrum FWHM for S1, C1,1,
C1,2, and C1,3 spectra, each averaged over their respective data sets. Insets below are colour maps
of the OAM spectrum FWHMs at F(log(r)) pixel indices 280-380 for each individual target as a
function of data set. Red denotes a wider OAM spectrum, blue a narrower OAM spectrum. Note:
data set axis in inset is analogous to time of day.
As previously mentioned, the OAM mode sorting instrument takes the Fourier transform of the
image in the focal plane of the telescope as the input to the OAM mode sorter, rather than using
the image itself. From considering the conservation of energy, it is true that an arbitrary function
and its Fourier transform must both possess the same 1D OAM decomposition. Thus it is most
appropriate to analyze the integrated 1D OAM spectrum of our sunspots and calibrators. We now
ask the question however, of whether the differences between the integrated 1D OAM spectra of
sunspot and calibrator arises from only a certain part of the 2D OAM spectrum. Perhaps the
small difference in OAM spectrum FWHM between S1 and C1,i in Fig. 6.12 is a consequence of
integrating the full OAM spectrum over F(log(kr)), and it is the OAM spectrum at specific
F(log(kr)) which have the greatest difference in width between sunspot and calibrator.
We consider this in Fig. 6.14 and analyze the OAM spectral widths as a function of F(log(kr)).
The same analysis process is applied in Figs. 6.14 and 6.15 as in Figs. 6.12 and 6.13, with the
exception that instead of integrating the full 2D OAM spectrum and extracting the FWHM, the
FWHM of the 1D OAM spectrum at each value of F(log(kr)) is measured. One consequence is
that each individual 1D OAM spectrum as a function of F(log(kr)) is much noisier than the
integrated OAM spectrum. We apply a rolling average to the data over 21 points in the 1D OAM
spectrum in order to smooth each individual OAM spectrum. In addition, rather than analyzing
each sunspot or calibrator OAM spectrum in a data set, in order to maximize the SNR, we
integrate the images in a data set prior to FWHM analysis (lucky images for sunspots and all
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Figure 6.15: Top) Plots of the OAM spectrum FWHM as a function of F(log(r)) for data collected
on 26/11/16. Blue, green, red and teal solid lines denote the OAM spectrum FWHM for S1, C1,1,
C1,2, and C1,3 spectra, each averaged over their respective data sets. Insets below are colour maps
of the OAM spectrum FWHMs at F(log(r)) pixel indices 280-380 for each individual target as a
function of data set. Red denotes a wider OAM spectrum, blue a narrower OAM spectrum. Note:
data set axis in inset is analogous to time of day.
images for the calibrators).
The FWHM of the OAM spectrum at each value of F(log(kr)) for typical OAM spectra of S1, and
C1,i (data set 7) is given in Fig. 6.14 and the corresponding data for S2 and C2,i (data set 3) in
Fig. 6.15.
The inset in Fig. 6.14 summarizes the OAM spectrum widths at the F(log(r)) values of 280-380
pixels and how the spectral widths at each of these F(log(r)) changes with time. Upon inspection,
the sunspot OAM spectra is broader at 300-360 pixels. This broadening is associated with the
shallow null in intensity in the 2D OAM spectrum highlighted in Fig. 6.9 and now we see that this
broadening is highly localized. In comparison with Fig. 6.12, the OAM spectral broadening
associated with the sunspot is much clearer in Fig. 6.14 with the difference in OAM spectrum
FWHM between sunspot S1 and calibrators C1,i now on the order of 10-15 pixels. In Fig. 6.12 we
measure the FWHM of the integrated 2D OAM spectrum. The 1D OAM slices of the 2D OAM
spectra at which there exists a difference in width between sunspot and calibrator spectra have a
small amount of power relative to the total power of the 2D spectrum. Thus, integrating over all
the 1D slices reduces the broadening observed in the integrated 1D OAM spectra resulting in a
much more modest difference in FWHM between sunspot and calibrator as seen in Fig. 6.12.
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We see an even more pronounced difference in OAM spectrum FWHM between S2 and C2,i in
Fig. 6.15 with the difference rising to 60-80 pixels. This difference is present in all the OAM
spectra of the sunspot S2 which were collected, manifesting as a broad yellow band running
through the representation of the OAM spectrum in F(log(r)) vs time for the S2 data (left most
in inset) which is absent in the similar plots of the calibrators. In Fig. 6.14 the difference in widths
is less prominent and appears as a broad bump between 300-360 pixels in the F(log(r)) axis which
persists with time.
In addition to analyzing the absolute FWHM values associated with slices through the 2D OAM
spectra, we can look at the difference in FWHM width between our sunspot and calibrator data in
the same run, i.e. S1 − C1,i, and S2 − C2,i. Acquiring differential measurements has two major
advantages:
1. They take into account slower changes in the experimental setup (e.g. atmospheric
turbulence) on the order of the time it takes to collect a data set (approximately 3-5
minutes).
2. We are able to compare the two data sets by ignoring the absolute values of the spectrum
FWHM and instead considering the change in the OAM spectrum of the sunspot relative to
the OAM spectrum of the calibrators.
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Figure 6.16: Top) Differential plots of the OAM spectrum FWHM from Fig. 6.14. Blue, green,
red solid lines denote the differential OAM spectrum FWHM S1 − C1,1, S1 − C1,2 and S1 − C1,3
respectively. Insets below are colour maps of the OAM spectrum differential FWHMs over the full
range of F(log(r)).
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The differential measurement of the FWHM for the data sets S1 − C1,i and S2 − C2,i are
summarized in Figs. 6.16 and 6.17 respectively. The differential FWHM measurements of S2 −C2,i
in Fig. 6.17 clearly possess more variability in the differential FWHM measurements than the
differential FWHM measurements of S1 − C1,i in Fig. 6.16. This is a consequence of the lower
SNR of the S2 − C2,i data set due to a lower exposure time. Another contributing factor is the
greater strength of the turbulence affecting the measurements of S2 and C2,i on 26/11/16. The
differential measurement of the FWHM for the data sets S1 − C1,i and S2 − C2,i are summarized
in Figs. 6.16 and 6.17 respectively. The differential FWHM measurements of S2 − C2,i in Fig. 6.17
clearly possess more variability in the differential FWHM measurements than the differential
FWHM measurements of S1 − C1,i in Fig. 6.16. This is a consequence of the lower SNR of the
S2 − C2,i data set due to a lower exposure times. Another contributing factor is the greater
strength of the turbulence affecting the measurements of S2 and C2,i on 26/11/16.
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Figure 6.17: Top) Differential plots of the OAM spectrum FWHM from Fig. 6.15. Blue, green,
red solid lines denote the differential OAM spectrum FWHM S2 − C2,1, S2 − C2,2 and S2 − C2,3
respectively. Insets below are colour maps of the OAM spectrum differential FWHMs over the full
range of F(log(r)).
From these differential measurements the increase in spectral width of the sunspot OAM spectra
relative to the calibrator OAM spectra is much clearer. Plotted as a function of data set, this
difference is generally constant and appears as a faint horizontal line running through the inset of
Fig. 6.16. This line of increased FWHM becomes much more prominent in Fig. 6.17, clearly
demonstrating that the OAM spectrum at these values of F(log(kr)) is broader, associated with
more power in higher order OAM modes.
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6.4 Conclusion
This experiment demonstrates a proof of concept of the measurement of the total OAM of an
astronomical object using an instrument based on the one designed in [6]. We improve on the
original instrument design by splitting the beam bath and including an additional camera in order
to allow lucky imaging as well as more accurate alignment of the optical components.
Preliminary data is presented demonstrating a difference in the measured OAM spectrum of light
originating from different parts of the sun. These results are surprising and are the first proper
measurements of the OAM spectrum of an extended astronomical object, while accounting for
tip-tilt atmospheric turbulence. We observe that the OAM spectrum varies between blank regions
of the surface of the sun and a region containing a sunspot. A slight null develops in the centre of
the 2D OAM spectrum, implying that photons emitted in the vicinity of sunspots are carrying
greater values of OAM as power is distributed away from the ` = 0 mode in the OAM spectrum.
This effect becomes more pronounced when observing a sunspot with a greater magnetic field and
lower photon count. These effects are quantified and compared by measuring the FWHM of 1D
OAM spectra obtained by taking slices through the 2D OAM spectrum. We find that the FWHM
of the 1D OAM spectrum of a sunspot is greater than the FWHM of the OAM spectrum of a
blank region of the sun, and that this difference in OAM spectral FWHM is greater when
analyzing a “larger” sunspot with a greater depression in intensity.
In addition, we observe that most significant changes to the OAM spectrum are confined to a
small region in the F(log(kr)) axis (100 pixels for S2). These results imply that we are able to
distinguish between parts of the sun based on their OAM spectrum.
As mentioned in Appendix C, the collimation of the input light to the OAM instrument was not
specifically matched to the OAM bandwidth of the modesorter. We stress that the results from
this Chapter are qualitative and this problem does not affect the validity of the results obtained.
In addition, the results of this chapter must be considered in the context of Chapter 2, section
2.3.1, particularly that the total OAM (and hence the OAM density) is dependent on the axis of
measurement. In the experiment, we select the most natural measurement axis (with the target
aligned at the origin) and analyze two different sunspots using the same measurement axis. Thus,
even though our results depend on the alignment of the instrument, by aligning the instrument in
the same way on both sunspot targets, the OAM spectra which we measure can be analyzed and
compared.
The signal that we observe in Figs. 6.16 and 6.17 is obtained with a very robust method which
takes into account continuous measurement of multiple separate calibrators over several hours,
along with background subtraction, and tip-tilt correction. The presence of a signal following a
differential analysis of the sunspot data relative to the calibrators makes it clear that the
measured difference in OAM spectrum is related to the presence of a sunspot.
In order to obtain quantitative data on the absolute amplitudes of the OAM spectrum measured
in this chapter, a quantitative analysis of the OAM spectra of sunspots should be performed
following the collimation design described in Appendix C. In addition, the calibration of the mode
sorter for higher order OAM modes is required for such a measurement.
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Further studies need to be pursued in order to understand these observations and whether the
results published in this chapter are a consequence of an astronomical process resulting in the
emission of light carrying higher order OAM, or whether the OAM measurement performed by the
instrument is in some way directly reflecting the change in local intensity in the images between
sunspot and blank sun, rather than a difference in the OAM spectrum.
For our experiment, the analysis of the Fourier plane rather than the image plane is done to
ensure that the input is collimated. A future instrument would ideally image the output from the
telescope onto MS 1 with a Rayleigh range, comparable to that of a collimated laser beam. Such a
setup however would require an additional lens so that it is the image plane which is the input for
the OAM modesorter and a rearrangement of components in order for the pinhole to filter in the
correct plane.
All measurements were performed in the visible region of the electromagnetic spectrum, however
we admit that observation in the IR with an AO system would allow for much more accurate
measurements. Despite this, the results presented are the first proof-of-concept demonstration
that information can be obtained from the OAM of astronomical objects in the presence of
atmospheric turbulence. The next phase in the development of OAM instrumentation will be to
design an instrument to extract useful information from the OAM spectrum of an object. Looking
to the future of OAM instrumentation, in the next chapter we present details of a device capable
of measuring the transverse rotational motion of objects using the rotational Doppler shift of
OAM modes.
In the following chapter we also develop a model regarding the OAM of incoherent point and
extended sources. Using these new tools, we are able to analyze the results of this chapter yielding
further insights.
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7Orbital Angular Momentum Interferometry
Interferometry is a method of measuring the complex amplitude of an optical signal indirectly.
There are several ways of performing the process but generally the incoming light from a source
exists as a spectrum of plane waves. Pairs of these plane waves are interfered and by looking at
the resulting interference pattern, the relative phase of the plane waves and their amplitudes can
be measured. Most often what we measure is the mutual coherence function of a source (Γ(x¯)):
Γ(x¯) = 〈u(x¯)u∗(x¯′)〉 (7.1)
The goal of interferometry is reconstructing the mutual coherence function of a source (or at least
discretely approximating it). Interferometry was first used in astronomy by Michelson to measure
the diameters of the Galilean moons of Jupiter [1] and following this work, he would subsequently
make the first measurements of stellar diameters [2]. These measurements were performed using a
12 inch telescope, the aperture of which was masked by a pair of parallel slits.
The spatial size of spatial interferometers are determined by the maximum “baselines” (or pairs of
Fourier components (k, k′)) which the instrument measures. Thus, the mutual coherence function
that these interferometers measure is the correlation function in Fourier space and for very long
“baseline” separations, extremely high resolution images can be measured. Modern interferometers
now consist of single apertures measuring hundreds of metres (such as Arecibo [3] and FAST [4])
and the largest distributed interferometers have collectors separated by thousands of km (e.g.
VSOP, VLBA, EVN) and have been used to produce images with sub-milliarcsecond resolution at
radio frequencies [5–9].
It has been shown in this thesis that in addition to a decomposition in plane waves (i.e. k-space),
light from a source can be described as a decomposition into different helical OAM modes, and
that these modes contain information which cannot be obtained in the conventional Fourier
decomposition. We propose the measurement of the mutual coherence function of astronomical
sources in terms of the correlations between OAM states using an interferometer. In the field of
quantum optics, the measurement of the OAM intensity correlation function of entangled photons
is a routine procedure [10–12], and in this chapter we will highlight one major benefit that
astronomy can gain by following in these footsteps: the measurement of the rotational Doppler
shift.
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The rotational Doppler shift is a phase shift encoding the rotation of an object (in the plane
transverse to the observer line of sight), into correlations in the OAM spectrum. This phase shift
is currently impossible to detect using conventional interferometers, or OAM modesorter
instruments such as the type described in Chapters 5 and 6.
We begin this chapter with a brief overview of the few previous studies concerning OAM
interferometers. This is followed by a brief introduction to the rotational Doppler shift. From
there we outline the formalism used to describe the OAM correlation function of an incoherent
point source such as the type common to astronomy and derive the OAM correlation functions for
N such independently incoherent point sources located in a ring, as well as the OAM correlation
function of an extended source. The rotational Doppler shift is derived by allowing these sources
to rotate and as an example, the OAM correlation function of a rotating resolved binary star
system is derived.
The remainder of this chapter is dedicated to the description of an instrument for the
measurement of OAM correlations before we conclude with an example instrument capable of
measuring the linear transverse and rotational Doppler shifts in order to highlight the
complementary nature of rotational Doppler shift measurements.
7.1 Previous studies
There have been two previous studies investigating the concept of an OAM interferometer. The
first such paper by Elias proposed the concept of performing interferometry between different
OAM modes of light and laid out much of the theory [13]. His proposal centered around the
concept of measuring OAM correlations in the intensity of the electric field.
For an intensity I(r, φ), the correlations in the OAM spectrum are given by Im,n(r):
I(r, φ) =
∞∑
m=−∞
∞∑
n=−∞
Im,n(r)e
i(m−n)φ (7.2)
(7.3)
The intensity correlation coefficients are related to the electric field correlation function:
Im,n(r) = 〈12Em(r)E∗n(r)〉. In particular, Elias was interested in measuring all the correlations
between OAM states m and n in which the difference between the OAM number of the states is
fixed (m− n = `). Elias then sums over all correlations between these states yielding an
expression for I(r, φ) in terms of the “rancor” spectrum:
I(r, φ) =
∞∑
m=−∞
Im(r)eimφ (7.4)
Im =
∞∑
`=−∞
I`,`−m(r) (7.5)
His proposed instrument, a “rancorimeter” measures the rancor components Im of a source and
could be created by replacing the vortex phase mask in a conventional vortex coronagraph with a
rotating angular slit.
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The “rancors” of a source are summations over the terms of the correlation function and a
rancorimeter is essentially a limited OAM interferometer which measures the sum of entries in the
correlation function of intensities, and hence Elias’ paper should be considered one of the earliest
proposals of OAM interferometry. Elias was able to theoretically demonstrate that by measuring
these “rancored” OAM correlations, the angular position and radial separation of an unresolved
binary star system could be deduced.
More recently, in 2016 Boyd et al. published a paper in which the Hanbury-Brown-Twiss (HBT)
effect is demonstrated for OAM states [14]. The HBT effect is the observation that when
measuring the coincidences at two different spatial positions between photons emitted from a
random sources such as the sun, the photons appear to “bunch’ together [15]. Another way of
saying this is that there appears to be intensity correlations in the transverse momenta of light
emitted from an incoherent source. Robert Hanbury Brown and Twiss were the first to measure
these intensity correlations in momentum space of light emitted by Sirius [16] and were able to
measure the stellar diameter (0.0068”) [17].
The 2016 paper by Boyd et al. extends this effect to the intensity correlations between OAM
states. The approach demonstrated is similar to the one outlined in this chapter, in which the
angular coherence function of a source is measured using interferometry. The difference however,
is that the angular HBT effect is a measurement of the intensity correlations, rather than a
measurement of the correlations of the electric field. Using an angular intensity interferometer, it
has been shown that the second order OAM correlations in intensity are more robust to noise,
than the first order electric field OAM correlations associated with the interferometric schemes
outlined in this Chapter. This is particularly significant as the effects of a turbulent atmosphere
significantly corrupt the OAM spectrum of a source, even in the presence of an adaptive optics
system as shown in Chapter 5.
As of the time of writing, there exists an apparent hole in this relatively new field of OAM
interferometry. An OAM interferometer measuring the correlations in the OAM spectrum of a
source has yet to be demonstrated. In the hope of bridging this gap, the contents of this chapter
have been selected to:
1. Provide a theoretical overview of OAM correlations of point-like and extended incoherent
sources.
2. Motivate the construction of an interferometer for the measurement of OAM correlations.
3. Propose a design for an OAM interferometer constructed with currently available technology.
7.2 Rotational Doppler shift
The traditional linear Doppler shift manifests as a phase shift associated with the wavelength of
light emitted by an object travelling in a straight line away from an observer. This phenomena is
exploited routinely in astronomy to directly measure the rates of rotation of astronomical objects
rotating in a plane parallel to the observer line of sight. The caveat is of course that the motion of
an object which is rotating in the plane orthogonal to the line of sight has zero tangential velocity
and hence no linear Doppler shift. There exists however a rotational analogue to the linear
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Doppler shift, the rotational Doppler shift, which manifests as a phase shift associated with the
OAM of light emitted by sources rotating in the plane orthogonal to the line of sight. In general,
any source of light E(r, φ) may be expressed as an infinite series of scalar helical modes (ignoring
the vector nature of light):
E(r, φ) =
∞∑
`=−∞
A`(r)e
i`φ (7.6)
By measuring the correlations between the different OAM components (`) of a source it is possible
to extract the rate of rotation of the source in the plane orthogonal to the line of sight of the
observer by measuring the complex amplitudes of the correlation function.
∆f = ∆f‖ + ∆f⊥ (7.7)
=
1
2pi
(∇‖Φ · v‖ +∇⊥Φ · v⊥) (7.8)
=
1
2pi
(2kv‖ + (`+ σ)Ω) (7.9)
∆f is the total phase shift due to the translational and rotational Doppler shifts, ∆f‖ and ∆f⊥
are the phase shifts measured by an observer due to a relative velocity parallel (v‖) and
transverse (v⊥) to the observer line of sight, Φ is the rotational motion of the object. k = 2pi/λ is
the wavevector, ` and σ are the orbital and spin components of the angular momentum (or
alternatively the expectation value of the quanta of angular momentum carried by photons), Ω is
the rate of rotation of the target.
Experiments have been conducted experimentally demonstrating the measurement of the
rotational motion of an object using the rotational Doppler shift of light [18, 19]. This is
performed by reflecting two laser beams prepared in OAM states +` and −` respectively from the
rotating target. The reflected OAM beams are then interfered with one another, and from the
interference the phase of the field and the rotational Doppler shift is measured. This study was
performed with the intention of remote sensing of rotational motion, and hence the target was a
scattering disc rather than a rotating source, however the applications to the field of observational
astronomy are clear. For very slowly rotating objects, astronomers are able to determine rates of
rotation using direct imaging and tracking the orbits of the bodies such as the exoplanet system
HR8799 [20]. By measuring the rotational Doppler shift, the rate of rotation (for circularly
symmetric systems) can be immediately measured.
The same method of determining an object’s linear and rotational transverse velocity has since
been applied to micro-scale particles under laboratory conditions [21, 22], combining into one the
fields of linear and rotational Doppler velocimetry. In order to obtain information about the full
three-dimensional velocity of a particle, the original method for Doppler rotation detection is
extended to use both a beam with high OAM and a beam with zero OAM. The high OAM beam is
imprinted with the rotational Doppler shift which depends on ` (second term in Eq. 7.9), while the
zero OAM beam extracts out the linear Doppler shift (` = 0 beams are insensitive to the rotational
Doppler shift). By combining measurements using beams of different total OAM, the full
three-dimensional velocities of the particles are acquired. The major limitation to this technique is
that for Eq. 7.9 to be valid, the target must be undergoing helical motion i.e. the rotation of the
object is solely in the plane orthogonal to the line of sight of the observer. Otherwise the full form
of the Doppler shift Eq. 7.8 must be used in order to measure the full 3D rotation of an object.
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Despite this limitation, this method still has utility and can be used to analyze the motion of
astronomical objects which have been measured to possess no longitudinal rotation.
7.3 OAM correlation function of incoherent sources
The electric field of any source can be written as an infinite Fourier series composed of helical
modes which individually have a well defined OAM as in Eq. 7.6. In this chapter we focus on the
OAM correlation functions of point-like and extended incoherent sources which would account for
the majority of sources in astronomy.
7.3.1 OAM correlation function of a single incoherent point source
Let us begin with a single resolved star as given in Fig. 7.1.
(r0cosφ0, r0sinφ0)
x
y
Figure 7.1: Single resolved star located at (r0 cosφ0, r0 sinφ0) from the measurement axis.
We define the coordinates of our problem as follows:
x¯ = (x, y) = (r cosφ, r sinφ) (7.10)
k¯ = (kx, ky) = (kr cosφk, kr sinφk) (7.11)
The coordinates (x, y) and (r, φ) are the real space Cartesian and polar coordinates respectively
and (kx, ky) and (kr, φk) are the respective Fourier space Cartesian and polar coordinates. Let us
model the electric field (ux0(x¯)) arriving at our detector on earth from a distant resolved star
located at position x¯0 = (r0 cosφ0, r0 sinφ0) relative to the measurement axis, as a point source:
ux0(x¯) = E0
∫
dk¯eik¯·(x¯−x¯0) (7.12)
= E0
∫ 2pi
0
∫ ∞
0
krdkrdφke
ikrr cos (φ−φk)e−ikrr0 cos (φ0−φk) (7.13)
= E0
∫ ∞
0
krdkr
∫ 2pi
0
dφk
∞∑
m=−∞
∞∑
`=−∞
i`(im)J`(krr)Jm(−krr0)ei`φeimφ0ei(m+`)φk (7.14)
E0 is a normalization constant. In the last line we have used the Jacobi-Anger identity:
eiz cosφ =
∞∑
n=−∞
inJn(z)e
inφ
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Using the property of Bessel functions: J`(−x) = J−`(x) = (−1)`J`(x) we are left with:
ux0(x¯) = E0
∫ ∞
0
krdkr
∫ 2pi
0
dφk
∞∑
m=−∞
∞∑
`=−∞
i`im(−1)mJ`(krr)Jm(krr0)ei`φeimφ0ei(m+`)φk (7.15)
We can immediately see that applying the Jacobi-Anger identity has resulted in a decomposition
of our initial plane waves into helical modes, with an exponential term of the form ei`φ and eimφ
arising from the initial eik¯·x¯ and e−ik¯·x¯0 terms respectively.
Integrating over φk only leaves m = −` in order to obtain non-trivial solutions to Eq. 7.14. We
obtain the final expression for the amplitude of the electric field:
ux0(x¯) = 2pi
∫ ∞
0
krdkr
∞∑
`=−∞
J`(krr)J`(krr0)e
i`(φ−φ0)
= 2pi
∞∑
`=−∞
a`(r, r0)e
i`(φ−φ0) (7.16)
We have defined the OAM expansion coefficient of the Dirac delta:
a`(r, r0) = E0
∫ ∞
0
krJ`(krr)J`(krr0)dkr (7.17)
= P δ(r − r0)
r
(7.18)
Where we have made use of the orthogonality of Bessel functions in the second line, δ(r − r0) is
the Dirac delta and P is a normalization constant. We use the following definition of the
correlation function for a fully coherent source:
Γ(x¯, x¯′) =
〈
ux0(x¯)u
∗
x0(x¯
′)
〉
(7.19)
We permit ourselves to use this definition for an incoherent point source because a single point
source by definition is completely spatially coherent with itself. With Eq. 7.16 we calculate the
correlation function of a single point source located at (r0 cosφ0, r0 sinφ0) from the measurement
axis:
〈
ux0(x¯)u
∗
x0(x¯
′)
〉
=
〈
[2pi
∞∑
`=−∞
a`(r, r0)e
i`(φ−φ0)][2pi
∞∑
`′=−∞
a∗`′(r
′, r0)e−i`
′(φ′−φ0)]
〉
=
〈
(2pi)2
∞∑
`=−∞
∞∑
`′=−∞
a`(r, r0)a
∗
`′(r
′, r0)ei(`φ−`
′φ′)e−iφ0(`−`
′)
〉
(7.20)
The final thing to do is to evaluate the normalization constant P. The energy of the source is
related to the intensity of the source, measured by taking the diagonal element of the correlation
function
〈
ux0(x¯)u
∗
x0(x¯
′)
〉
. Setting x¯ = x¯′:
P = r
2pi
E0 (7.21)
E0 is the square root of the power of the star (|E|2). Thus, our final expression for a`(r, r0) is:
a`(r, r0) =
δ(r − r0)
2pi
E0 (7.22)
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7.3.2 Correlation function of N incoherent sources
We now consider the correlation function of N mutually incoherent sources located at
x¯n = (rn cosφn, rn sinφn). All sources are spatially incoherent with respect to one another and
hence we can write the coherence function as the sum of the individual coherence functions:
〈
u(x¯)u∗(x¯′)
〉
=
N∑
n=1
〈
uxn(x¯)u
∗
xn(x¯
′)
〉
(7.23)
= (2pi)2
N∑
n=1
〈 ∞∑
`=−∞
∞∑
`′=−∞
a`(r, rn)a
∗
`′(r
′, rn)ei(`(φ−φn)−`
′(φ′−φn))
〉
(7.24)
7.3.3 Correlation function of an extended incoherent source
Although this chapter is mainly concerned with the analysis of the OAM correlation functions of
incoherent sources for OAM interferometry, at this point we take a momentary detour to analyze
the OAM correlation function of fully incoherent extended sources in the context of our
experiments in Chapter 6 in which we measure the OAM spectrum of the sun.
A fully incoherent source will have correlations only between a single point and itself, and thus for
an extended fully incoherent source, it is no longer correct to use the definition of Γ(x¯, x¯′) from
Eq. 7.19. Instead we use the correlation function of an extended fully incoherent source of
intensity I(x¯):
Γ(x¯, x¯′) = I(x¯)δ(x¯− x¯′) (7.25)
The incoherent correlation function Γ(x¯, x¯′) can be expanded in OAM modes:
Γ(x¯, x¯′) =
∞∑
`=−∞
∞∑
`′=−∞
c``′(r, r
′)ei`φe−i`
′φ′ (7.26)
The matrix c``′(r, r′) contains the OAM correlations of the fully spatially incoherent source I(x¯).
From the definition of c``′(r, r′):
c``′(r, r
′) =
∫ 2pi
0
∫ 2pi
0
I(r, φ)δ(x¯− x¯′)e−i`φei`′φ′dφdφ′ (7.27)
=
∫ 2pi
0
I(r, φ)
1
r
δ(r − r′)ei(`′−`)φdφ (7.28)
We have used the fact that the 2D Dirac delta in polar coordinates is given by
δ(x¯− x¯′) = 1r δ(r− r′)δ(φ− φ′). Eq. 7.28 gives an expression for the OAM correlation function of a
fully spatially incoherent extended source.
Using this result, let us further analyze the results obtained in Chapter 6. Appendix B provides
an analysis of the theoretical output of the OAM spectrometer instrument from Chapter 6. The
main result of that Appendix is that the OAM spectrum of an input field is dispersed to different
positions at the output of the instrument, and hence measuring the intensity is analogous to
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measuring the squares of the OAM coefficients of the input. This result means that the
instrument in Chapter 6 only measures the correlations ` = `′. Using Eq. 7.28, and setting ` = `′,
we obtain an expression for the diagonal elements of the OAM correlation function c``′(r, r′):
c``′(r, r
′) =
∫ 2pi
0
I(r, φ)
1
r
δ(r − r′)dφ (7.29)
= I˜(r)
1
r
δ(r − r′) (7.30)
I˜(r) is the angularly averaged image intensity of the extended fully incoherent source. Eq. 7.30
gives us a startling and counter-intuitive result. The correlations ` = `′ of an extended fully
incoherent source are constant as a function of `. How is this possible? Let us consider the OAM
expansion of a single point source at position (r0, φ0) relative to the measurement axis. This is
given by Eq. 7.20. Looking more closely at the OAM coefficients of this expansion a`(r, r0) it is
apparent that a`(r, r0) is constant in `. We reproduce this expression below:
a`(r, r0) =
δ(r − r0)
2pi
E0 (7.31)
The fact that the OAM spectrum of an extended incoherent source is flat in ` is related to the fact
that the OAM spectrum of a single incoherent point source is also constant in `. Considering our
extended fully incoherent source I(x¯) as a distribution of point sources, a measurement of the
OAM spectrum of this distribution will yield the incoherent sum of the OAM spectra of each point
source, resulting in a flat distribution.
How does this result affect our interpretation of the OAM spectra that we measure of the sun in
our results in Chapter 6? The immediate implication of Eq. 7.30 is that any variation in the OAM
spectrum of an extended incoherent source implies some degree of spatial coherence in the source.
Recalling the results of the previous chapter, the 2D OAM spectra obtained of the sun were not
flat in ` (as indicated by the 1D OAM spectrum FWHM in Figs. 6.12 and 6.13). This most likely
results from the 250 µm iris placed at the focus of the telescope which acts as a filter in k-space,
changing the spatial coherence of the field.
More interesting for us however, is that this explanation does not apply to the differences observed
in the OAM spectra of the sunspot relative to the calibrators. Instead, this difference in the OAM
spectra must somehow be related to a change in the spatial coherence of light emitted by the
sunspot, relative to a blank part of the sun. At this point it is very tempting to consider the
differential measurements of Figs. 6.16 and 6.17 in which a much greater change in the OAM
spectrum is observed for the larger sunspot S2 compared to sunspot S1 and interpret this as an
indication that the spatial coherence is different between these two sets of data. In doing so, we
would be overstepping the limits of our knowledge however, as the model developed in this section
is valid only for fully incoherent extended sources. It might be the case that the results obtained
in Chapter 6 are fully consistent with the correlation function of a partially incoherent extended
source of identical degrees of coherence.
Nevertheless, in light of the developments of the current chapter, our OAM analysis of the light
from the sun yields insights that cannot be obtained by a conventional image analysis of the sun.
We now return to the main theme of this chapter, the analysis of the OAM correlation functions
of incoherent sources for astronomical interferometry.
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7.3.4 Rotating sources
By allowing the sources to rotate at a rate of Ω rad per unit time, the effect of the rotational
Doppler shift is clearly observable by making the substitution φ0 = Ωt in Eq. 7.24, where t is time.
The coherence function for one and N sources are given below:
〈
ux0(x¯)u
∗
x0(x¯
′)
〉
=
〈
(2pi)2
∞∑
`=−∞
∞∑
`′=−∞
a`(r, r0)a
∗
`′(r
′, r0)ei(`(φ−Ωt)−`
′(φ′−Ωt))
〉
(7.32)
〈
u(x¯)u∗(x¯′)
〉
=
N∑
n=1
〈
uxn(x¯)u
∗
xn(x¯
′)
〉
(7.33)
= (2pi)2
N∑
n=0
〈 ∞∑
`=−∞
∞∑
`′=−∞
a`(r, rn)a
∗
`′(r
′, rn)ei(`(φ−Ωt)−`
′(φ′−Ωt))
〉
(7.34)
Eq. 7.34 tells us that by measuring the phase of the OAM coherence function we should be able to
extract the rate of rotation of the sources.
Let us take a moment here to appreciate the significance of this result. We predict that we should
be able to measure the rotational Doppler shift, for a system of spatially incoherent point sources.
One concern which has been voiced by at least one researcher [23] is that Laguerre-Gauss beams
which possess well defined OAM diverge as they propagate to infinity. Thus the light from a
resolved point source which reaches Earth will have only light associated with the fundamental
Gaussian LG(0,0) mode, all information contained within the higher order ` modes will be lost.
This statement is obviously true, the Fourier spectrum of a point source is a single plane wave.
What our derivation of Eqs. 7.32 and 7.34 tells us, is that even though each spatially incoherent
point source emits a single plane wave in the frame of reference with that point source at the
origin, multiple point sources can be analyzed in a single common frame of reference, in which
case their OAM correlation functions contain interesting information, in this case the rotational
Doppler shift.
7.3.5 Example problem: rotating binary star pair
Now let us apply this formalism to a problem in astronomy, determining the in plane rate of
rotation of a resolved binary star system. From Earth, we can model the binary star system as a
pair of incoherent point sources located at (+x0, 0) and (−x0, 0) (or in polar coordinates (r0, φ)
and (r0, φ+ pi)). Let us assume the binary stars are of equal brightness. The electric fields and the
corresponding coherence functions for each source are obtained by inserting the coordinates of our
binary stars into Eqs. 7.16 and 7.20:
ux0(x¯) = 2pi
∞∑
`=−∞
a`(r, r0)e
i`φ (7.35)
u−x0(x¯) = 2pi
∞∑
`=−∞
a`(r, r0)e
i`(φ−pi) (7.36)
128 Chapter 7: Orbital Angular Momentum Interferometry
〈
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∗
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〉
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`′=−∞
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∗
`′(r
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∗
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(7.39)
Combining the above coherence functions gives the full coherence function:〈
u(x¯)u∗(x¯′)
〉
= (2pi)2
∞∑
`=−∞
∞∑
`′=−∞
a`(r, x0)a
∗
`′(r
′, x0)ei(`φ−`
′φ′)(1 + e−ipi(`−`
′))
(7.40)
Taking into account a binary star system in which the stars rotate around the origin at a rate of Ω
revolutions per unit time t, we replace φ0 with Ωt:〈
u(x¯)u∗(x¯′)
〉
= (2pi)2
∞∑
`=−∞
∞∑
`′=−∞
a`(r, x0)a
∗
`′(r
′, x0)ei(`φ−`
′φ′)eiΩt(`−`
′)
× (1 + e−ipi(`−`′)) (7.41)
The final term (1 + eipi(`−`′)) arises from the rotational symmetry of the source and forces all odd
values of ` to zero. From Eq. 7.41, one can calculate the on-axis rate of rotation for the binary
star system in which both stars are equal brightness. In order to measure the rate of rotation Ω,
we need access to the phase of the correlation function. The most direct way to do this is by using
interferometry of the OAM components of the electric field. Imagine that we had a way to filter
out all but two OAM components (`1, `2) of the light emitted by the binary star. Interfering the
two components, from Eq. 7.41 the resulting correlation function would be:〈
u`1(x¯)u
∗
`2(x¯
′)
〉
= (2pi)2[a`1(r, x0)a
∗
`2(r
′, x0)ei(`1φ−`2φ
′)eiΩt(`1−`2)(1 + e−ipi(`1−`2))
+ a`2(r, x0)a
∗
`1(r
′, x0)ei(`2φ−`1φ
′)eiΩt(`2−`1)(1 + e−ipi(`2−`1))
+ 2a`1(r, x0)a
∗
`1(r
′, x0)ei`1(φ−φ
′) + 2a`2(r, x0)a
∗
`2(r
′, x0)ei`2(φ−φ
′)] (7.42)
From the definition of a`(r, r0) in Section 7.3.1, Eq. 7.18, a`(r, x0) = a∗` (r, x0). We assume that the
light from the binary star system is completely spatially incoherent and hence set x¯ = x¯′ yielding a
simplified correlation function:〈
u`1(x¯)u
∗
`1+∆`(x¯)
〉
= (2pi)2a`1(r, x0)a`1+∆`(r, x0)(1 + (−1)∆`)
× [ei∆`(φ+Ωt) + e−i∆`(φ+Ωt)] + 2(|a`1 |2 + |a`1+∆`2|)
= A(1 + (−1)∆`) cos (∆`(φ+ Ωt)) +B (7.43)
Where we have defined the difference in ` of the filtered OAM components ∆` = `1 − `2, the
visibility of the interference fringes as A = (2pi)22a`1(r, x0)a`2(r, x0)[1 + (−1)∆`], and
B = (2pi)2[a2`1(r, x0) + a
2
`1+∆`
(r, x0)]. In addition, the amplitudes of the OAM spectrum a`1 and
a`2 can be determined from the coefficients A and B:
1√
2
(
√
A+ 4B −√A− 4B) = a`1 (7.44)
1
2
√
2
(
√
A+ 4B +
√
A− 4B) = a`2 (7.45)
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Thus, by measuring elements of the OAM correlation function of a rotating binary star system, the
rate of rotation of the system can be determined by tracking the interference fringes. In Fig. 7.2
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Figure 7.2: a) Amplitude and b) phase of the OAM correlation function of a binary star system.
we visualize the amplitude and phase of the OAM correlation function of a binary star system
calculated from Eq. 7.41. We have chosen to measure the correlations in OAM between points
r = r′ = r0. From the definition of a`(r, r0) in Eq. 7.18, any other choice of r and r′ would result
in a correlation function populated by zeros. The amplitude of the correlation function in Fig. 7.2
a) appears to have only every second element. This arises due to the structure of the coherence
function which is being visualized. Consider the system for which we calculate the coherence
function in Eq. 7.41. Fig. 7.2 plots the coherence function for a binary star system which has an
even symmetry as a function of angle φ, and hence the OAM coherence function cannot contain
any odd OAM components. Thus the correlation functions being plotted in Fig. 7.2 have zeros in
every second element. This behaviour is contained in the final term in Eq. 7.41. The amplitude of
the correlation function is also constant in `, which is also predicted by Eq. 7.22
The feature of primary interest in Fig. 7.2 is that phase of the OAM correlation function Fig. 7.2
contains a variation in phase arising from the rotational Doppler shift. Every second element of
Fig. 7.2 has been removed in order to more accurately represent the information contained in the
phase of the correlation function.
7.4 OAM interferometry
From the previous section, we know that in order to measure the complex amplitudes of the OAM
correlation function we require the following functions:
• Decomposition of light into helical OAM modes.
• Selection of two OAM modes `1 and `2
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• Interference between `1 and `2
Fig. 7.3 describes a simple device with which the angular correlation function of light could be
measured at optical wavelengths. Elements MS 1 and MS 2 are the modesorter elements which
perform a Cartesian to Log-polar coordinate transformation. A lens then disperses the light into
separate OAM modes. An OAM filter then selects two different values of `1 and `2 to interfere. A
SLM could be implemented as a programmable filter similar to the setup in [24], in which phase
slits centered on `1 and `2 are generated by using diffraction gratings (see inset Fig. 7.3). This
approach has the advantage that the offset ∆` can be automatically varied, however in addition to
to the loss of light due to the aperture, there will be an additional loss arising from the efficiency
of the liquid crystal on silicon (LCOS) display. LCOS display are inherently polarization sensitive
and will require the use of additional polarization sensitive optics to split the incoming light into
orthogonal linear polarizations and process each polarization. Instead of a LCOS display, a
segmented deformable mirror could be used to generate a polarization insensitive OAM filter and
at a higher efficiency.
The two OAM modes `1 and `2 are then interfered either by free space propagation to the far-field
or focusing with a cylindrical lens (focusing along φ) and the resulting intensity pattern is then
recorded. By varying the offset ∆` between the two interfered modes and measuring the resulting
intensity pattern, the OAM correlation function should vary according to Eq. 7.43. The phase of
the optical field can then be extracted from the interference between the two modes and the
amplitudes of the components can be found from Eqs. 7.44 and 7.45. Optical interferometry
between OAM modes places specific constraints on the design of modesorter elements. For the
measurement of the rotational Doppler shift of a source, interference between higher ` modes
amplifies the measured phase shift. The maximum ` that the modesorter can detect is dependent
on the diameter of the telescope aperture and also the aperture of the modesorter elements. The
major constraint on the diameter is the maximum surface relief of the refractive element that
needs to be manufactured. For our own devices, MS 1 was designed with dimensions 8× 8 mm
and a maximum height of 122.6 µm. MS 2 was designed with dimensions 5× 8 mm and a
maximum height of 145.4 µm. Both optics were approaching the maximum surface relief possible
using the laser micro-machining technique employed by Powerphotonic. Other papers suggest that
larger aperture diameters are available using CNC machined plastics.
One factor that needs to be addressed is the cross-talk between OAM modes during the OAM
decomposition step in Fig. 7.3 due to the overlap of OAM modes. This cross-talk is inherent to
the modesorter and can been removed by using an additional spatial light modulator (SLM)
placed in-between MS 2 and the final lens to increase the phase ramp associated with individual
OAM modes in the transformed plane [25, 26], however this approach has the downside of adding
significant complexity to the design of the experiment as well as reducing the efficiency. Another
option would be to carefully choose the focal length of the focusing lens after MS 2, and then
simply select the slit widths in the OAM filter to be small enough that the phase slit centered on
an OAM bin minimizes the amount of cross-talk from adjacent modes, although again this would
necessarily result in a large loss of light and lower SNR.
In addition, we might need to incorporate several beam splitter stages, or simultaneously use
multiple pairs of phase slits in the OAM filter to simultaneously measure the correlation functions
〈u`1u∗`1+∆`〉 as the source is not temporally coherent. Following on from the theme in previous
chapters, OAM interferometry needs strong AO correction to correct for atmospheric turbulence.
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Figure 7.3: Schematic of proposed modesorter-based OAM interferometer. MS 1 and 2 = modesorter
elements 1 and 2. OAM filter at the focal plane of the lens can be implemented using a pair of phase
slits. Interference after the OAM filter is produced either with a lens or with free-space propagation.
As interferometry is a measurement of the phase of the OAM correlation function, any phase noise
due to the atmosphere will destroy your measurement.
7.5 Spectrograph Coupling
While this concept is very far in the future and significant work is required to demonstrate a
practical OAM interferometer, we include this section to demonstrate the complimentary nature of
OAM “polar” interferometry to current methods in observational astronomy. In this section we
describe a combined OAM interferometer coupled to a spectrograph capable of measuring the 3D
motion of an object.
A schematic is provided in Fig. 7.4 for a possible spectrograph to which the output from our
proposed OAM interferometer could be coupled. The first lens in the schematic is the telescope
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lens. This is the effective lens of the collecting telescope, however for the purposes of our design
we have selected a lens with a diameter Dtel = 1 m and focal length ftel = 10 m (yielding a
F/# = 10). A beam splitter is then placed to split the light into two paths, one path is sent to the
OAM interferometer to analyze the rotational Doppler shift, the second path leads to a
spectrograph that measures the translational Doppler shift. A 100 µm slit spatially filters the
input and allows through a 2” slice of the focal plane.
A lens with focal length fcoll = 250 mm and diameter 25 mm then collimates the output from the
slit. The focal ratio (F/#) of the collimating lens has been chosen to match the F/# of the
telescope lens. The collimated light is diffracted using a volume phase hologram (VPH)
“immersed” between a pair of prisms. The VPH has a grating density of 1800 cycles/mm and the
output from the first diffraction order (m=1) is used. The two prisms are used to increase the
angle at which the incident beam hits the VPH grating [27].
The required incoming angle of incidence on the VPH grating at 550 nm is α = 45◦, with the
resulting output angle β = 16◦. A final lens with diameter Dcam = 25 mm and focal length
fcam = 50 mm focuses the output from the VPH grating and focuses the dispersed light onto the
detector. The final plate scale at the detector is PDP = 100”/mm, with the 100µm, 2” slit
mapping to 20 µm at the detector. This limits the maximum pixel size of the detector to 10 µm
pixel size for adequate Nyquist sampling. The resulting resolution of the spectrograph is
R = 35000. Considering the focal lengths and the angles involved in this design, this spectrograph
is very compact and can be constructed along with the OAM interferometer on an optical
breadboard of around 1x1 m. The calculation of the parameters for the spectrograph design can
be found in Appendix D.
Dtel = 1 cm
ftel = 10 m
100 μm slit
pFP = 20"/mmF/# = 10
F/# = 10
θres = 0.15"
Dcoll = 25 mm
fcoll = 250 mm
Dcam = 25 mm
fcam = 50 mm
pcam = 100"/mm
Prism 1 Prism 2
VPH grating
σ = 1/1200 mm
m = 1 diffraction order
ℛ = 35,000 OAM
coupled spectrograph
Input ℓ=0 
mode
Detector
To OAM interferometer
Beam splitter
Figure 7.4: Schematic of spectrograph coupled to the OAM interferometer. The first telescope lens
reimages the OAM filter onto the spectrograph slit such that ` = 0 mode overlaps with the slit.
VPH = volumetric phase hologram with σ = 1200 grooves/mm. m=1 diffraction order is used.
It should be noted that an earlier iteration of the OAM interferometer coupled spectrograph was
fed directly by the ` = 0 mode output from the interferometer, however this design suffers from a
major flaw. The light in the final focal plane (α, β) of the OAM interferometer actually describes
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the distribution of the source as a function of only ` and r. Thus while the input slit of the
spectrograph could select what radial coordinate to measure the transverse Doppler shift, the
spectrograph cannot specify what angle, thus the spectrograph would measure the linear Doppler
shift of light originating in a ring at the focal plane and for a rotating object would include light
that is both red and blue shifted.
7.6 Rotational Doppler shift of unresolved sources
One final question of interest that we would like to address briefly is the application of Very Long
Baseline Interferometry (VLBI) to the measurement of the OAM correlation function. At the
beginning of this Chapter it was mentioned that interferometry is used to interfere the outputs
from distant telescopes in order to measure the complex amplitudes of very high Fourier
coefficients, however we recognize that the Fourier spectrum of the source is the transverse
momentum correlation function which should in principle contain the same information as the
OAM correlation function. This begs the question: “If we already have measured the transverse
momentum correlation function of a source, can we calculate the OAM correlation function?” By
answering this question we can take advantage of existing VLBI interferometers to attempt to
measure the rotation of “unresolved” binary star systems. The relation between the OAM
correlation function and the transverse momentum correlation function is given below:
a`(r)a
∗
`′(r
′) =
∫ 2pi
0
∫ 2pi
0
r〈u(x¯)u∗(x¯′)〉e−i(`φ−`′φ′)dφdφ′ (7.46)
Using VLBI, the complex amplitudes of the Fourier coefficients are discretely sampled,
approximating the transverse momentum correlation function from which a “dirty” image is usually
extracted. Using Eq. 7.46 the transverse momentum correlation function can be transformed into
a discrete approximation of the OAM correlation function. The rotational Doppler shift can then
be extracted from the phase and the rotation rate of an unresolved binary star can be measured.
Elias was the first to propose this approach [13], however he notes that the major problem
associated with this method is that the integral in Eq. 7.46 is azimuthal, and hence for optimal
reconstruction, the telescope arrays must be placed in a polar grid, or otherwise the discretely
sampled transverse momentum correlation function must be interpolated onto a polar grid. The
second major problem associated with this technique is that interferometry discretely samples the
Fourier plane of the source, however comparisons between an OAM free calibrator and a science
target are complicated due to the different components of the Fourier plane which are sampled.
Solutions to these problems will be important for any attempts to measure the rotational Doppler
shift of unresolved binaries, however this lies beyond the scope of this thesis and any interested
readers are referred to the original paper in Ref. [13].
7.7 Conclusion
Previously we demonstrated the analysis of light from an astronomical source using OAM modes,
however the information that this data contained was not apparent. In this chapter we derive an
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expression for the OAM correlation function a fully incoherent extended source and realize that
the data obtained in Chapter 6 contains information about the spatial coherence of the light
analyzed. Satisfyingly, this confirms that the OAM spectra of the sun in the previous chapter
contains information which is inaccessible to conventional imaging systems.
In this chapter we proposed the next generation of instruments with which to measure the OAM
of light using interferometry and importantly, this was motivated with a real application which
these instruments could be applied to. It was shown that by measuring the angular correlation
function, new information could be extracted from the OAM of light: the rotational Doppler shift.
The rotational Doppler shift cannot be measured using existing interferometeric and spectroscopic
techniques, however helical OAM modes are a particularly appropriate set of basis functions with
which to describe rotations [28]. To highlight this, a derivation of the OAM correlation function of
incoherent point and extended sources was provided, and after expanding the correlation function
of a source into OAM modes, upon including a rotating source the rotational Doppler shift
naturally appeared in the equations.
The schematic of an OAM interferometer capable of measuring the OAM correlation function was
provided and in addition, we proposed pairing it with a high resolution spectrograph. The
combined instrument would be capable of measuring both the translational and rotational Doppler
shift of astronomical objects. Furthermore, the components of the spectrograph-coupled OAM
interferometer are all commercially available with the exception of the custom optics MS 1 and
MS 2.
Given the establishment of interferometry as a standard technique in astronomy, we tentatively
propose the use of VLBI to reconstruct the OAM correlation function and measure the rate of
rotation of an interferometrically resolved binary star system.
Chapter 8 is the final chapter of this thesis and in addition to summarizing our contributions to
the field, it continues with the theme of this chapter and looks to the future of OAM
measurements in observational astronomy and the avenues of further study which have been laid
open by this thesis.
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8Conclusion
In this thesis we provide a case for the measurement of optical OAM as a legitimate technique to
incorporate into astronomical measurements.
The material contained in this thesis addresses some major hurdles regarding the measurement of
OAM from astronomical sources. In particular, we address the effectiveness of AO systems in the
reconstruction of OAM modes in the presence of realistic atmospheric turbulence, and we perform
the first ever analysis of the OAM of the sun taking into account atmospheric turbulence. This is
of significance as OAM measuring instruments are currently in their infancy, and we have provided
another entry to the list of OAM measurements performed.
To convince astronomers of the utility of OAM analysis and to stimulate further research into this
new area of study, we highlight one situation in particular in which the measurement of the OAM
correlations of a source can provide new information which is much more difficult to obtain using
current conventional techniques in astronomy. Contained within the complex OAM correlation
function of a pair of rotating incoherent point sources is the rotational Doppler shift. In order to
perform this new measurement, we propose a new generation of OAM instrument, capable of
measuring higher order OAM correlations than the current instrument constructed as part of this
thesis.
The contributions of this thesis to the current body of knowledge regarding the fields of optical
OAM and astronomy is summarized below:
First-order correction of OAM beams. In Chapter 3 we briefly present results detailing the
application of an OAM analysis of aberrations and the subsequent first-order correction of these
aberrations in an optical system. These results provide a motivation for analysing the performance
of an optical system using OAM modes of light.
Design and fabrication of optical elements for Cartesian to Log-Polar transformation.
In Chapter 4 we perform a literature review of current methods of optical OAM detection and
identify the most appropriate as a pair of elements performing an optical coordinate
transformation. The design of the elements is described and the elements are fabricated. These
results provide a useful guide to other researchers attempting to fabricate or model the optical
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components used in the refractive mode sorter.
Implementation of a simple zoom function using the OAM modesorter. While the
OAM modesorter designed and fabricated as part of this thesis was first proposed in 2010, we are
the first to take advantage of the radial Mellin transform implemented by the log-polar
transformation of the OAM modesorter in order to implement an optical zoom controlled by the
displacement of a single mirror. By improving the quality of the optical elements performing the
Mellin transformation, much more convincing results can be obtained.
Effect of AO on the correction of realistic atmospheric turbulence for OAM carrying
beams. We have measured the OAM of light through realistic turbulence and provided the first
estimates of the regeneration of light using an adaptive optics system. Using current AO systems
under realistic atmospheric conditions (1” seeing), the amount of power recovered in a test ` = 1
mode is stiflingly small (< 10%), however by considering the wavelength scaling of the Fried
parameter (r0 ∝ λ 65 ), we observe that OAM measurements at longer wavelengths have promise.
This work will be of considerable interest to researchers studying the propagation of optical OAM
through atmospheres with “strong” turbulence profiles, particularly for astronomers considering
ground based optical OAM measurements through the atmosphere.
Derivation of the output from the OAM modesorter. We derive the output from the solar
OAM instrument in Appendix B and highlight some interesting subtleties associated with its
operation. We theoretically show that the modesorter separates OAM in the output plane and is
directly proportional to the OAM decomposition of the input field, while performing a Mellin
transform in the radial coordinate. Although there are several papers which utilize the “phase
unwrapping” transformation performed by these optics [1–5], to our knowledge there is as yet no
derivation of the propagation through the modesorter of an input mode. We believe that this
analysis will be useful for any researcher attempting to model their experiments which make use of
the OAM modesorter as it allows for quick trouble shooting of experiments in the absence of
complicated simulations.
Method of calculating the parameters for the collimation of the input to an OAM
measurement system. We provide a method to calculate the maximum allowable input k-vector
at a given radius such that the OAM bandwidth ∆` of an OAM measurement system is not
exceeded. After obtaining an expression for the OAM decomposition of a plane wave, we find the
interesting result that the width of the decomposition in OAM space is a function of both the
transverse momentum of the plane wave k as well as the radius r from the measurement axis at
which the OAM decomposition is performed. Thus in order to avoid exceeding the OAM
bandwidth of the measurement system, both the maximum transverse wave vector entering the
system and the maximum radius at which the OAM is measured must be constrained. This
method will provide a guide to help astronomers design instruments for the measurement of
optical OAM. Of note is that the analysis in Appendix C is not unique to the solar OAM
instrument described in Chapter 6, but can be applied more generally, in particular to the OAM
interferometer described in Chapter 7.
Measurement of the OAM spectrum of an astronomical object. We adapt an OAM
modesorter to an astronomical telescope similar to previous work [6]. We then take measurements
of the sun and find a difference between the OAM spectra of sunspots and the blank surface of the
sun. Surprisingly, we find a much more significant response in our OAM measurement when
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analyzing a region of the sun with much “deeper” sunspots. We then analyze our data to identify
if there is any additional information retrieved compared to a conventional intensity analysis.
With our calculations of the correlation function of a completely incoherent source, the differences
between the OAM spectra of the sunspots relative to the blank calibrators reveal additional
information regarding the spatial coherence of the light from the sun. We reiterate that this
information cannot be obtained using conventional imaging techniques. Of all the OAM
measurements of astronomical objects, this is the first in which information is extracted from the
OAM spectra, and which attempts to correct for atmospheric turbulence. This work provides
motivation for future instrumental work in this field.
Derivation of the rotational Doppler shift arising in the OAM correlation function of
spatially incoherent sources. In Chapter 7, the OAM correlation function of totally incoherent
point and extended sources is derived. It is found that despite an absence of spatial correlations,
correlations in the OAM still exist and for a single resolved point source, the OAM spectrum is
unsurprisingly the OAM decomposition of a Dirac delta function. Of interest however, is that
when observing a pair of resolved, incoherent point sources, the resulting OAM correlation
function contains additional information about the rotational motion encoded by the rotational
Doppler shift. These results are the first strong motivation for the measurement of OAM analysis
in astronomy, as they represent information which is unique to OAM analysis and is at a point
where the technology and theory exist in order for measurement to be performed as a realistic goal.
Proposal of an OAM interferometer for measurement of the Rotational Doppler shift.
In Chapter 7, a more advanced OAM measurement instrument capable of measuring the complex
amplitudes of the OAM correlation function is proposed as a starting point for measuring higher
order OAM correlations than the current instrument outlined in this thesis. This new instrument
performs interferometry between different OAM modes, and in theory is capable of measuring the
rotational Doppler shift. By combining these interferometers with high resolution spectrographs,
the three dimensional motion of an object can be determined by measuring both the linear and
rotational Doppler shifts.
8.1 Future outlook
Moving forward, the most obvious change that I can expect to arise as a result of this thesis is the
movement of OAM measurement systems for astronomy from the visible, towards longer
wavelengths in the IR. This shift to IR will be critical for future work on professional telescopes,
where currently all AO systems operate in the near IR. The reason for this is suggested in
Chapter 5, the λ
6
5 scaling of r0 with wavelength results in much better turbulence correction at IR
wavelengths compared to visible wavelengths.
In the instruments outlined in this thesis, all can be adapted to longer wavelengths in a fairly
straightforward manner. Mirrors, lenses and detectors operating in the visible can be swapped out
for near IR equivalents which are in ready supply and available off the shelf. The OAM
mode-sorting refractive elements fabricated from fused silica are already transparent in the
near-IR however there are issues with the surface roughness of these optics as previously shown.
With a reduction in the surface roughness of the optical elements MS 1 and MS 2, we believe that
the quality of the continuous zoom implemented using the OAM modesorter (results presented at
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the end of Chapter 4) can be improved.
Further work needs to be done in order to fully understand the results contained in Chapter 6. As
it stands, while we are able to demonstrate a clear difference in instrumental response between the
OAM analysis of a sunspot in comparison to the blank surface of the sun, we do not have any
understanding of the solar physics which might be responsible for generating this difference. A
study needs to be undertaken in order to connect physical processes in the sun to the emission of
higher order OAM modes of light. As already suggested in Chapter 6, one avenue of enquiry
might be radiative emission from charged particles in high angular momentum states, arising from
acceleration in high magnitude magnetic fields associated with sunspots. In addition, the analysis
of results provided in Chapter 7 are incomplete, and in order to understand our results better, a
further analysis is required using a model to describe a partially coherent extended source. One
possible model is a source possessing short range Gaussian correlations over a length scale γ:
Γ(x¯, x¯′) = I(x¯)e−(
x¯−x¯′
γ
)2 (8.1)
Such a model would reproduce a flat OAM spectrum in the limit that γ → 0 and a fully coherent
source as γ →∞. Using this model, in conjunction with the results from Appendix B and the
experimental data, the output from the solar OAM instrument could be simulated and compared
with the experimental results providing an estimate of the coherence length γ for the OAM
spectra collected from sunspots S1 and S2. Such an analysis would provide an insight into the
nature of the results of Chapter 6 and whether the information contained in the OAM spectra of
the sunspots is consistent with a single value of γ or whether the observed difference in the OAM
spectra of the sunspots is a reflection of changing spatial coherence.
To supplement this work, a quantitative analysis of the OAM spectrum of sunspots needs to be
performed. To enable this, the instrument outlined in Chapter 6 must be calibrated for higher
order OAM modes. This is not trivial however, as it requires a high quality OAM source which is
capable of generating higher order OAM modes of a single value of `. From our results in
Chapter 3, any small misalignments result in the generation of additional unwanted OAM modes.
Additionally the collimation of the instrument should ideally be designed according to the method
described in Appendix C.
Finally, the OAM interferometer outlined in Chapter 7 represents the most exciting proposal for
the study of OAM in astronomy currently as it is strongly motivated by a measurement which is
impossible to be performed with current technologies, the theory for this type of measurement is
outlined in this thesis and the technology to implement this instrument is currently available. A
significant amount of work will be required to take this instrument from concept to reality. Firstly,
a prototype instrument must be built and a proof-of-concept experiment performed in order to
verify that the rotational Doppler shift of an object can be extracted interferometrically. The
major challenge then is to adapt the experiment into a proper instrument and test it on-sky with
a resolved binary star system behind an adaptive optics system in the near-IR. Further theoretical
work will need to be performed in order to understand the various limitations of a measurement of
the rotational Doppler shift and the relevant parameter space to be explored. For example, the
relative brightness of the two binary stars will also place a restriction on the required sensitivity of
the instrument, while the phase noise present in the instrument will limit the minimum detectable
rate of rotation.
One alternative which is mentioned only in passing, is the application of OAM interferometry to
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current long baseline imaging interferometers. This approach is attractive as it potentially does
not require any new hardware to be constructed, the measurement technique can be performed by
analyzing the output from current interferometric arrays, and would allow researchers to measure
the rotation rates of unresolved binaries. After reconstructing the Fourier amplitudes of a source
using VLBI, the Fourier amplitudes can be projected into the complex OAM amplitudes, and from
these the rotational Doppler shifts can be measured. This would require significant work in order
to setup the theoretical basis for such a measurement as well as estimations of errors arising from
the discrete and incomplete sampling in the Fourier plane, and the consequences of any
projections into the OAM basis.
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AInstrument Polarisation Sensitivity
The measurement of the polarisation degree of freedom of light, or polarimetry, is a well
established technique in astronomy [1]. The polarisation of light is routinely used in observational
astronomy to measure the structure of magnetic fields. While most sources remain unpolarised,
polarisation can be induced during propagation by scattering and emission [1]. Linearly polarised
light is indicative of large scale ordering of dust grains in the intervening interstellar medium
between the source and the earth. The dust grains themselves align along magnetic field lines, and
hence results in a preferential absorption of a particular electric field orientation. Circular
polarisation has been measured in association with localized magnetic phenomena in the sun via
the Zeeman and Hanle effects, as well as star formation processes e.g. molecular clouds and
proto-planetary accretion disks [2–5].
It is clear that there are many astrophysical processes capable of generating a net polarisation in
starlight and as part of our characterization of the instrument described in this thesis, we measure
the response of the instrument to both linearly and circularly polarised input states.
A.1 Experimental setup
The general setup for measuring the polarisation response of the instrument is given in Fig. A.1.
The OAM discriminating component of the instrument is identical to the setup discussed
previously in this thesis, and hence labels are neglected for the majority of these parts of the
instrument to avoid an unnecessarily complicated figure. The optical coupling between the
telescope and the instrument are similarly neglected. To investigate the polarisation response of
the OAM spectrometer, the calibration source was suitably modified.
A 635 nm laser diode generates an approximately Gaussian mode with OAM ` = 0 as the source.
A broadband nanoparticle linear polariser (400-800 nm) selects a single linear polarisation state
from the output of the laser diode. Lenses 1 and 2 form a 2f telescope system, collimating the
linearly polarised source. A quarter wave plate (QWP), followed by a half wave plate (HWP)
allow for control of the polarisation before projection onto a Glan-laser polariser. Initially without
the QWP and HWP, the Glan-laser polariser is oriented to the polarisation orthogonal to that of
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the initial nanoparticle polariser, minimising the total power recorded at CCD 1. The QWP is
then inserted and rotated until the power at CCD 1 is equal to the initial power measured after
the Glan-laser polariser. The angle of the QWP is then set to ±45◦ depending on the handedness
of the circular polarisation state desired. The absolute settings of the QWP were: 192◦ and 282◦,
which we hereafter refer to as +45◦ and −45◦ respectively. Once this circular polarisation state
has been selected, fine tuning of the QWP orientation is performed by rotating the Glan-laser
polariser and minimising the polarisation extinction ratio (PER) of the total power measured at
CCD 1. The HWP is inserted into the beam path and rotated to further minimise the PER. After
this process, the beam at the output of the HWP should be nearly circularly polarised.
Following this optimization, the extinction ratio measured at CCD 1 was found to be non-zero
(PER−45◦ = 0.80 dB, PER+45◦ = 2.8 dB). We have defined the PER as follows:
PER = 10 log10
Pmax
Pmin
, such that reducing the fraction PmaxPmin minimises the PER. To generate a
linearly polarised calibration source, the setup is similar to Fig. A.1 with the exception that the
QWP is removed, and the HWP is responsible for rotating the linear polarisation into two
orthogonal planes.
LD 
633nm
Broadband 
polariser
Glan-laser 
polariser
Telescope path
QWP
HWP
Lens 2
Lens 1
CCD 1
CCD 2
MS 1
MS 2
Lens 3
Lens 4
50:50 BS
Figure A.1: QWP = quarter wave plate, HWP = half wave plate, CCD = charge coupled device.
Telescope path indicates optical path for light coupled into instrument from telescope. This path
is unused in this experiment and purposefully left blank. BS = beam splitter. MS 1 and 2 =
modesorter element 1 and 2 respectively.
The calibration source was set to generate two orthogonal linear polarisations (HWP = 0◦, 90◦)
and two circular polarisations (QWP = -45◦, +45◦). Each polarisation state was coupled into the
OAM spectrometer separately and the 2D OAM spectrum recorded at CCD 2.
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Once the circularly polarised input is prepared, in order to measure the polarisation response of
the instrument, the input is coupled into the pair of optics elements MS 1 and MS 2 comprising
the optical Cartesian to log-polar coordinate transformation. Lens 3 is placed just after MS 2 to
separate the different OAM modes into different positions in the focal plane. Lens 4 re-images and
magnifies the focal plane of Lens 3 onto CCD2. A set of 5 OAM spectra each are collected for
both orthogonal circular and linear polarisations respectively. Each set of OAM spectra were
averaged before analysis.
A.2 Results
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Figure A.2: 2D OAM spectra of linearly polarised light with relative orientations a) 0◦ and b) 90◦.
c) 2D map of fractional differences between left and right circular polarisation. Image thresholded
to full width at 10% maximum. d) Integrated line plot of 2D OAM spectra for 0◦ (blue) and 90◦
(red) orientation of λ2 waveplate.
The resulting OAM spectra obtained for linear and circular input polarisations are summarized in
Figs. A.2 and A.3 respectively. Qualitatively, it is quite difficult to identify any observable
differences between the 2D images Fig. A.2 a) and b), however subtracting the 90◦ 2D spectrum
(b) from the 0◦ 2D spectrum and dividing by the average of both polarisations yields a 2D plot of
the fractional differences between the 2D OAM spectra for each polarisation c). Fig. A.2 c) shows
the fractional differences for pixels greater than 10% of the maximum pixel value in order to avoid
the very large fractional differences which occur at very low pixel values. The fractional differences
at different parts of the 2D spectrum can reach up to 20% of the average value, however, upon
integration of the 2D spectrum to obtain Fig. A.2 d), these differences are largely washed out.
The remaining difference in the 1D OAM spectrum between linear polarisations appears to be a
small increase in power measured in the central peak of the spectrum for the 0◦ oriented linear
polarisation. We suspect that this difference is not an innate response of the instrument to
different polarisations, but a difference in the intensity profile of each polarisation.
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Figure A.3: 2D OAM spectra of circularly polarised light with λ4 = a)−45◦ and b)+45◦. c) 2D map
of fractional differences between left and right circular polarisation. Image thresholded to full width
at 10% maximum. d) Integrated line plot of 2D OAM spectra for −45◦ (blue) and +45◦ (green)
orientation of λ4 waveplate.
The response of the instrument to circular polarisations states is similarly described in Fig. A.3.
The 2D fractional differences between the two circular polarisations is comparable to the
differences in linear polarisation, ≈ 20%, and this difference is largely integrated out when the 2D
OAM spectrum is integrated over to generate the 1D OAM spectrum. Considering the 1D OAM
spectra for each circular polarisation, Fig. A.3, the −45◦ state has greater power in the highest
maxima (associated with the ` = 0 mode) as well as the second maxima on the right hand side of
the spectrum compared to the −45◦ state. This difference at the central maxima is approximately
2%, and 9% at the first maxima on the right side of the spectrum. With appropriate modelling,
this difference can be attributed to a difference in input intensity profiles between the +45◦ and
−45◦ modes. Inserting images of the two input polarisation states collected at CCD 1 into a
simulation, we observe that for the two perfectly aligned polarisation states, the output from the
modesorter results in a difference in intensity in the central peak on the order of 5%. A
comparison of experiment and simulation is given in Fig. A.4. The integrated 1D OAM spectrum
for both orthogonal circular polarisations are given for both experiment a) and simulation b). The
coordinate β is the same coordinate defined in Appendix B. The simulation has been matched to
the experimental results by introducing a transverse misalignment of the input beam with the
modesorter, resulting in the observed asymmetry the first maxima as observed in Fig. A.3. We
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conclude that this discrepancy is most likely due to differences in the polarisation source, rather
than any polarisation response of the instrument.
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Figure A.4: a) Experimental and b) Simulation of integrated 1D OAM spectra for circularly po-
larised input, −45◦ (blue) and +45◦ (red) orientation of λ4 waveplate.
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BDerivation of modesorter output
The aim of this derivation is to start from our initial image of the sun formed by the telescope in
Chapter 6 and trace this image through the cascade of transformations performed by our solar
OAM instrument and ultimately see the link between the 2D OAM spectrum measured at CCD2
in our experiments and the focal plane image of the telescope.
The initial focal plane image of the telescope f(x, y) is Fourier transformed by the collimating
lens (Lens 1) yielding F (kx, ky):
F (kx, ky) =
∫ ∞
−∞
∫ ∞
−∞
f(x, y)ei(kxx+kyy)dxdy (B.1)
The resulting beam is used as the input to the modesorter. The modesorter performs the log-polar
coordinate transformation (kx, ky)→ (u, v) described in Chapter 4:
F (u, v) = be−
u
a
∫ ∞
−∞
∫ ∞
−∞
f(x, y)eibe
−ua (x cos v
a
+y sin v
a
)dxdy (B.2)
The output from the modesorter F (u, v) is then Fourier transformed a final time by Lens 3,
resulting in the formation of the profile G(α, β) at the focal plane of Lens 3.
G(α, β) =
∫ ∞
−∞
∫ 2pi
0
[
∫ ∞
−∞
∫ ∞
−∞
f(x, y)eibe
−ua (x cos v
a
+y sin v
a
)dxdy]ei(αu+βv)be−ua dudv (B.3)
The additional factor be−
u
a arises from enforcing the conservation of energy by the transformation
(kx, ky)→ (u, v). The above set of transformations is summarized in Fig. B.1. Looking at Eq. B.3,
let us first evaluate the integral in u and v as it doesn’t depend on f(x, y). We perform a polar
coordinate transformation x = r cos θ, y = r sin θ in order to decouple our integrand in u and v
yielding the following integral:∫ ∞
−∞
∫ ∞
−∞
be−
u
a eibe
−ua cos(φ− v
a
)ei(αu+βv)dvdu (B.4)
Here it is tempting to make use of the Jacobi-Anger identity as in Chapter 7. While seemingly
innocuous, this step is difficult to justify as the Jacobi-Anger identity originates from the integral
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f(x,y)
F(kx,ky)
F(u,v)
G(α,β)
Image plane
of telescope
FT of image 
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Output of MS
CCD2 plane
Lens 1
Modesorter
Lens 3
Figure B.1: Flow chart of the successive transformations performed by the OAM modesorter in-
strument in Chapter 6 and the associated coordinate systems.
representation of the Bessel function:
Jn(x) =
in
2pi
∫ pi
−pi
ei(−x cos τ+nτ)dτ (B.5)
where n is an integer. We need to keep in mind that Eq. B.5 requires τ or in our case φ− va to be
bounded from −pi to pi, however the v axis is technically infinite. We justify ourselves by realizing
that the modesorter maps the azimuthal angle to a fixed region in v. In order to replicate this the
term rect(vd) is added in order to confine the power in v to a region of d. The use of the
Jacobi-Anger identity is now justified and we write:
=
∫ ∞
−∞
∫ ∞
−∞
rect(
v
d
)be−
u
a eibre
−ua cos(φ− v
a
)ei(αu+βv)dvdu (B.6)
=
∫ ∞
−∞
∫ d
2
− d
2
∑
m
imJm(be
−u
a r)eimφe−
u
a
(1−iαa)ei(β−
m
a
)vdudv (B.7)
Let us first consider the resulting integral in u:∫ ∞
−∞
Jm(be
−u
a r)e−
u
a
(1−iαa)du = −a
b
∫ ∞
0
Jm(sr)
1
b
s1−iαa
ds
s
(B.8)
We have made the substitution s = be−u/a. We know that the modesorter transformation in u is
related to the radial k-vector kr: (kr = be−
u
a ). It is clear that the new variable s is equivalent to
kr. Eq. B.8 has been written in this particular form to emphasize that it is the expression for the
Mellin transform of a Bessel function of integer order m. The general solution is:∫ ∞
0
Jν(aη)η
κdη
η
=
2κ−1Γ(ν+κ2 )
aκΓ(1 + ν−κ2 )
,−Re(ν) < Re(κ) < 3
2
(B.9)
The solution to Eq. B.8 is thus:
−a
b
∫ ∞
0
Jm(sr)
1
b
s1−iαa
ds
s
= − a
b2
2−iαaΓ(m+1−iαa2 )
r1−iαaΓ(m+1+iαa2 )
(B.10)
= Nm(α)r
iαa−1 (B.11)
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Nm(α) is defined as follows:
Nm(α) = − a
b2
2−iαaΓ(m+1−iαa2 )
Γ∗(m+1−iαa2 )
(B.12)
Γ∗(z) denotes the complex conjugate of Γ(z). Interestingly, for Nm(α) all dependencies on α are
complex, and hence when measuring |G(α, β)|2 in our detector plane, the phase factors containing
α cancel and Nm(α) does not depend on the coordinate α. In addition, the same factor m+ 1
appears in the argument of both Γ functions in Eq. B.11. Hence Re Nm(α) does not depend on m
either and |Nm(α)|2 = |N |2. We thus identify |N |2 as a normalization constant.
Eq. B.11 is valid for m ≥ 0. For solutions of m < 0 we can take advantage of the identity for Bessel
functions of integer order m: J−m(x) = (−1)mJm(x) and multiply our final solution for G(α, β) by
a factor sgn(m)|m|. sgn(m) is the sign function and returns -1 if m < 0, 0 if m = 0 and 1 if m > 0.
Substituting Eq. B.11 back into Eq. B.7, we now evaluate the integral in v.
∞∑
m=−∞
imeimφNm(α)r
iαa−1
∫ d
2
− d
2
ei(β−
m
a
)vdv (B.13)
We are at an interesting point in our derivation, while m is an integer, β is continuous. In order to
clarify the implications of this, we briefly consider the effect of selecting only β = pa for integer
values of p. Making the substitution q = va , Eq. B.13 is readily identified as the Kronecker delta:
= a
∞∑
m=−∞
imeimφNm(α)r
iαa−1
∫ pi
−pi
ei(p−m)qdq (B.14)
= a
∞∑
m=−∞
imeimφNm(α)r
iαa−1δ(p−m) (B.15)
We see that at the output plane (α, β), each component m is uniquely “sorted” to a position
β = pa . Returning to Eq. B.13 we lift our previous restriction and choose β as a real number.
Eq. B.13 becomes:
a
∞∑
m=−∞
imeimφNm(α)r
iαa−1
∫ pi
−pi
ei(aβ−m)qdq (B.16)
Now that β is a continuous variable, the integral in q is equivalent to a sinc function:∫ pi
−pi
ei(aβ+m)qdq = 2pi sinc(pi(aβ −m)) (B.17)
Eq. B.17 displays a similar behaviour to the case for integer β = pa where the integer m now
translates the sinc envelope in β. The width of the sinc envelope is determined by the parameter a
which we remind the reader determines the width in mm which the v coordinate is scaled by.
Combining the expressions for the integrals in u and v in Eqs. B.13 and B.17 with Eq. B.3 gives us
the expression for the output electric field G(α, β) at CCD2 as a function of the input
function f(r, φ) and coordinates (r, φ):
G(α, β) =
∞∑
m=−∞
sgn(m)|m|imaNm(α)2pi sinc(pi(aβ −m))
∫ ∞
0
∫ 2pi
0
f(r, φ)r1+iαaeimφdφ
dr
r
(B.18)
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The factor sgn(m)|m| has been included to correctly apply Eq. B.9 for negative values of m. The
output field of the modesorter G(α, β) appears as the Mellin transform of the input field f(r, φ)
along α besides the additional phase associated with Nm(α). The remaining integral in φ gives the
coefficients of the OAM decomposition of f(r, φ) and critically, at each position β = ma , the
electric field is directly proportional to the weighting of the m-th OAM mode. This expression is
directly proportional to the OAM correlation function derived in Chapter 7, with the exception
that the OAM correlation function has undergone a Mellin transform in r.
Now that we have derived the output from our modesorter assuming a coherent input, the output
for a completely incoherent source is found by applying the total modesorter transformation to the
coherence function ρ(x¯, x¯′) derived in Chapter 7. In our case we will apply the Mellin transform
along x¯ and the inverse Mellin transform along x¯′.
As a final note, the coherent point spread function h(α, β,m) of the instrument in polar
coordinates can be directly read off from Eq B.18:
G(α, β) =
∫ ∞
0
∫ 2pi
0
rf(r, φ)h(α, β,m)dφdr (B.19)
h(α, β,m) =
∞∑
m=−∞
sgn(m)|m|imaNm(α)2pi sinc(pi(aβ −m))riαa−1eimφ (B.20)
As an example, let us calculate the expected output from our modesorter instrument in Chapter 6
given a fully coherent Laguerre-Gaussian of azimuthal order ` and radial order p = 0 at the input
plane:
f(x, y) = A0(x+ iy)
`e−w(x
2+y2)ei`φ (B.21)
f(r, φ) = A0r
|`|e−wr
2
ei`φ (B.22)
Inserting f(r, φ) into Eq. B.18 and cranking the handle, the azimuthal integral selects m = `:
G(α, β) = aN0(α)(2pi)
2 sinc(pi(aβ − `))A0
∫ ∞
0
e−wr
2
r|`|+1+iαa
dr
r
(B.23)
Although our input mode was a LG(0, `), we see that the additional factor of r|`| has been
absorbed into the factor r1+iαa of the Mellin transform. The general solution to the Mellin
transform of a Gaussian is: ∫ ∞
0
e−µη
h
ηκ
dη
η
= h−1µ−
κ
hΓ(
κ
h
),Re(κ) > 0 (B.24)
Our expression for G(α, β) thus has an analytic form:
G(α, β) = aN`(α)(2pi)
2 sinc(pi(aβ − `))A0 1
2
w−
|`|+1+iαa
2 Γ
( |`|+ 1 + iαa
2
)
(B.25)
One very interesting note about the operation of the modesorter instrument is that the focal
length of the initial Fourier transform Lens 1 does not change the magnification of the output field
G(α, β). This arises from the nature of the log-polar transformation of the modesorter, the
transformation from (kx, ky) to (u = −a log(krb ), v = aφk) maps the polar coordinate φk to a fixed
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length d regardless of the size of the input in the (kx, ky) plane. Similarly, upon transformation, a
change in magnification in the input radius kr in the (kx, ky) plane is mapped to a shift in the
(u, v) plane, which the final Fourier transform is insensitive to.
As a sanity check we compare the output of the modesorter given an input LG(0,2) and LG(0,-2)
mode using Eq. B.25 compared to a numerical simulation which simulates the propagation of
optical path of our instrument. The results of the comparison are given in Fig. B.2. The left
column is a plot of the normalized power distribution |G(α, β)|2 along the α axis at fixed β = `a
while the right column plots the normalized power distribution along β at α = 0. It is evident that
there is very good agreement between simulation (green circles) and theory (solid blue line) and
we observe that the theory predicts well the shift in position of the envelope sinc function function
as the azimuthal index ` of the input LG(0, `) is varied.
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Figure B.2: Comparison of the normalized output |G(α, β)|2 from the modesorter instrument de-
scribed in Chapter 6 given an input a)-b) LG(0,-2) and c)-d) LG(0,2) mode as a function of (left
column) α and (right column) β.
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CCollimation of OAM modesorter input
The basics of designing an OAM modesorter is similar to a spectrograph. Both instruments take
an input beam from a telescope, pass it through a pinhole, collimate the output, disperse the light
and focus the light using a final lens.
Similar to a spectrograph, an OAM modesorter requires an input pinhole (as opposed to a slit) in
order to reduce the number of k-vectors entering the device. Too large a number of k-vectors will
flood the observed OAM spectrum and exceed the OAM bandwidth of the modesorter, this
condition is equivalent to the case of a spectrometer in which too large a slit results in a loss of
collimation.
The devices differ in that in a spectrograph, the collimating and focusing lenses are generally
selected such that the slit is imaged with as close to 1:1 magnification as possible, maximising the
number of photons at the detector. OAM modesorters do not suffer from this constraint, since the
OAM diffracting optics are what constrains the total radius of the pinhole, not the CCD size. In
this case, we are generally free to select a magnification such that the number of pixels sampling
an OAM mode is adequate. The design of an OAM “spectrograph” differs in that there is a limit
to both the magnitude of incoming k-vectors, and the maximum radius r at which the OAM of an
object can be measured. In this appendix we provide a simple method to calculate the correct
low-pass filters (in both k and r) to choose for an instrument of OAM bandwidth ∆`.
An arbitrary function f(r, φ) can be decomposed into the OAM mode basis as follows:
f(r, φ) =
∑
`
A`(r)e
i`φ (C.1)
A`(r) =
∫ 2pi
0
f(r, φ)e−i`φdφ (C.2)
The coefficients |A`(r)|2 give the probability of a photon carrying an OAM `~. Replacing f(r, φ)
with an incoming plane wave with wavevector k, f(r, φ) = eikx and converting to polar
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coordinates we obtain the following expression for the coefficients A`(r):
A`(r) =
∫ 2pi
0
ei(kr sinφ−`φ)dφ (C.3)
=
1
2pi
J`(kr) (C.4)
r and φ are the radial and azimuthal coordinates and k is the transverse wave vector of the plane
wave entering the instrument. Eq. C.4 implies that the OAM spectrum of a plane wave depends
on both the magnitude of the plane wave k, as well as the radius r it is measured with respect to
the measurement axis.
We now describe a method of calculating the maximum wavevector for an OAM measurement
system, above which the OAM bandwidth of the instrument is exceeded. Fig. C.1 a) plots the
OAM decomposition of A`(r) as a function of kr and `. As the argument of Eq. C.4 is increased,
the width of the OAM spectrum of the plane wave clearly increases linearly. If one imposes that
the instrument has a specific OAM bandwidth (let us assume ∆` = 20 (denoted by the solid white
lines in Fig. C.1 a)), the maximum value of kr which does not exceed ∆` = 20 can be
constrained (dotted white line). In our example, we are left with the requirement that kr = 10.
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Figure C.1: a) A`(r) as a function of both ` and kr. Solid white lines indicate the desired OAM
bandwidth ∆`. The white dotted line indicates the maximum value of kr above which the OAM
bandwidth exceeds ∆`. b) Plot of kr = max(kr). Black dotted lines denote rmax and kmax.
This implies that the maximum value of k which can be measured changes with radial coordinate
r. Specifically, as r increases, the maximum value of k measurable at that distance from the origin
decreases. This behaviour is plotted in Fig. C.1 b). Now let us assume that we filter the output
from the telescope by placing an aperture in k-space, defining the maximum k-vector to the OAM
measurement system kmax. From Fig. C.1 b) we can see that there will be a radius rmax above
which this maximum k-vector will exceed the OAM bandwidth ∆`.
Thus for an optimal measurement of the OAM spectrum of an object, the number of k-vectors
accepted by the instrument needs to be matched to the OAM bandwidth of the modesorter by
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both filtering the maximum magnitude of k, as well as limiting the radius at which the OAM is
measured.
C.1 Application to Chapter 6
For the experiments in chapter 6, we chose to place a 250 µm iris at the focus of the telescope to
filter the incoming k-vectors as well as to select a part of the sun. The iris used is not symmetric
in φ, however we approximate the shape as a circle of radius 250 µm. This translates to a
maximum k-vector kmax = 680 waves m−1 entering the OAM modesorter.
Unfortunately this analysis was only developed after the experiments detailed in Chapter 6 were
performed. As such, while the pinhole size should should have been calculated as described above,
the choice of pinhole size was dictated by the design of the instrument, rather than the above
considerations.
In our particular instrument design, we must balance a trade-off between a small spatial filter
leading to a more defined OAM spectrum, and a larger spatial filter, and being able to center the
axis of our measurement system on our target. This arises from the fact that in our experiment,
the imaging camera (CCD1) used for aligning the target is placed behind the spatial filter. While
this allows for a precise alignment of the collimating lens (Lens 1) and the spatial filter, we are
forced to use a spatial filter which is large enough that we can clearly see the target sunspot
through the spatial filter i.e. the image of the sunspot at the focal plane of the filter must be less
than 250 µm.
We discuss the effect of this on our results in the conclusion of Chapter 6, however to reiterate,
due to the robustness of our differential OAM measurements, the improper matching between the
collimation of the input light and the OAM bandwidth of the modesorter does not affect the
qualitative results obtained.
We note here that a spatial filter which allows only kmax = 0 will generate a perfectly spatially
coherent output from the spatial filter, however this would result in only the fundamental ` = 0
OAM mode being allowed into the OAM detection system yielding an unusably narrow OAM
bandwidth ∆` = 0.
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DCalculation of spectrograph design
This appendix contains the calculation of the spectrograph design in Chapter 7 which is
ultimately coupled to the OAM interferometer described in the same Chapter.
The dimensions below are consistent with the envisaged OAM instrument breadboard similar in
size to the instrument in Chapter 6. Let us assume our astronomical target has a 1” image at the
focal plane of the telescope.
The OAM interferometer wants to measure 3-space motion of a moving object. Initial proof of
concept experiments might involve laser light reflected off a corner cube or mirror attached to a
spinning wheel. A reasonable estimate of the instantaneous velocity of the mirror is of order 1-100
ms−1. The radial velocity calls for a high resolution (R ∼ 35, 000) spectrograph.
We start with a calculation of the plate scale (pFP) at the focal plane of the telescope of diameter
Dtel = 1 m and focal length Ftel = 10 m:
pFP = 206265/ftel = 206265/(Dtel.F ) (D.1)
= 20′′/mm (D.2)
A 100 µm (typical for single object work in natural seeing) slit maps to 2” to ensure we get all the
light. Next we check that the chosen slit width is adequately sampled by the resolution of the
telescope. The resolution (θres) of a 1 m telescope at 550 nm is:
θ
′′
= 1.22× 206265λ/Dtel (D.3)
= 0.15′′ (D.4)
Which is far smaller than the 2” slit width. Next, the collimating lens needs to be matched to the
f/# of the telescope to avoid vignetting and loss of resolution. In addition, the diameter of the
collimating lens must also match the size of the dispersing element in the spectrograph. We choose
a clear aperture of Dcoll = 25 mm with a resulting focal length fcoll = 250 mm. 25 mm optics can
be obtained as standard off the shelf components and there have been high resolution
spectrographs designed incorporating off the shelf optics [1].
We can consider a spectrograph as a two lens imaging system which images the focal plane of the
telescope lens (and the entrance slit) onto a detector, with a dispersing element inserted
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in-between. Before looking at the grating parameters, we consider the final lens as well as the
detector in the imaging system. For a focal length of fcam, the imaging system reimages the
entrance slit onto the detector with a de-magnification of fcollfcam resulting in a reduction of the plate
scale on the detector (pDP):
pDP =
fcoll
fcam
pFP. (D.5)
From Eq. D.5, we choose the focal length of the final lens before the camera fcam = 50 mm such
that we effectively magnify the plate scale at the detector, resulting in the 100 µm slit mapping to
a 20 µm slit at the detector. Thus in order to adequately sample the slit at the Nyquist frequency,
the detector must have a maximum of 10 µm pixels.
Finally, let us consider the geometry of the dispersing element. A collimated beam hits a grating
at an angle α from the normal, and is reflected (or transmitted) and dispersed at an angle β. It
follows immediately that
The grating equation, assuming a collimated beam incident at an angle α from the normal, gives
the angle (β) at which the transmitted beam is dispersed:
σ(sinα+ sinβ) = mλ (D.6)
σ being the grating groove period, m is the order of interference and λ is the design wavelength.
Let us choose a high density grating of σ = 11800mm/line and set m = 1 for a straight-through
transmissive VPH grating where prisms are stuck front and back to get the angle α to the
grating [2].
On output, the angular dispersion is simply the derivative of this equation:
dβ
dλ
=
m
σ cosβ
(D.7)
Now the spectral purity δλ depends on fcoll which in turn is matched to the telescope f-ratio F ,
such that
δλ = − cosα wσ
mfcoll
. (D.8)
The resulting resolution R = δλλ is given as follows:
R = mλfcoll
wσ cosα
(D.9)
This leads to fcoll = 250 mm, w = 10 µm, cosα = 0.7, σ = 1/1800 mm to give R = λ/δλ = 35, 000
in which we have dispersed a single order of the diffraction grating across the detector.
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